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Abstract: It is well known that any statistic based on sample averages can be sensitive to outliers. Some
examples are the conventional moments-based statistics such as the sample mean, the sample variance, or
the sample covariance of a set of observations on two variables. Given that sample correlation is defined as
sample covariance divided by the product of sample standard deviations, one might suspect that the impact
of outliers on the correlation coefficient may be neither present nor noticeable because of a ‘dampening
effect’ i.e., the effects of outliers on both the numerator and the denominator of the correlation coefficient
can cancel each other. In this paper, we formally investigate this issue. Contrary to such an expectation, we
show analytically and by simulations that the distortion caused by outliers in the behavior of the correlation
coefficient can be fairly large in some cases, especially when outliers are present in both variables at the
same time. These outliers are called ‘coincidental outliers.” We consider some robust alternative measures
and compare their performance in the presence of such coincidental outliers.
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1 Introduction

The sample correlation coefficient is probably the most frequently-used statistic for measuring the linear
co-movement between two variables. It has been documented (e.g., see Stigler, 1989) that the essential idea
of correlation or ‘co-relation’ was conceived by Francis Galton and was formally developed by Karl Pearson,
which explains why it is sometimes called the ‘Pearson correlation coefficient.” Although the correlation
coefficient does not measure the causal relationship between two variables, it plays an important role
in many scientific areas. For example, understanding how financial assets are moving together which is
measured by the correlation coefficient is crucial in lowering portfolio risk through diversification.

Based on the main idea put forward by Kim and White (2004), Bonato (2010), Ergun (2011) and
White et al. (2011), an intuitively appealing and easily computable robust measure of covariance has
been proposed by Huo et al. (2012). They demonstrated that the conventional measure of covariance
is heavily influenced by outliers. Given that sample correlation is defined as sample covariance divided
by the product of two sample standard deviations, one might suspect that the impact of outliers on the
correlation coefficient may not be either present or noticeable because of a ‘dampening effect,’ i.e., the
effects of outliers on both the numerator and the denominator of the correlation coefficient can cancel each
other.

In this paper, we formally investigate this issue. We first derive the analytical expression of the distor-
tion caused by outliers. Then we attempt to gauge the size of such a distortion in many different situations
using Monte Carlo simulations. As expected, there is a ‘dampening effect’ due to the standardization in
many cases under consideration. However, there also exists a surprising twist in other cases, in particular
when outliers are present in both variables at the same time. These outliers are called ‘coincidental out-
liers.” In such cases, the discovered distortion is fairly large. We consider some robust alternative measures
and compare their performance in the presence of such coincidental outliers.

2 The Effect of Outliers on the Conventional Measure of Correlation

We consider two stochastic processes {z}¢=1 ... 7 and {y; }t=1.... 7 where x; are assumed to be independent
and identically distributed (IID) with the cumulative distribution function (CDF) F, and y; are also
assumed to be IID with the CDF F,. The conventional measure of correlation (denoted by C'), called the
‘Pearson correlation coefficient,’ is given by:

C:

El(w — 1) (e — py)] (1)

where 1, = E(xt), p, = E(yt), 02 = E[(xt — p,)?], 0 = E[(y: — p1,,)?], and the expectation E is taken with
respect to the joint CDF of z; and y;. The conventional measure C is, of course, a population parameter
and thus must be estimated. Its usual estimation is achieved by replacing the population expectation FE

with its corresponding sample mean:
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where fi, = 7 32y @, fly = Yoy1 Yts On = 7 gy (e — Hp)* and T = 5 30 (g — 11,)*.

The above sample correlation C is based on sample averages; thus, it may be influenced by any outliers
in either x; or y; as explained in Kim and White (2004) and Huo et al. (2012). To determine the influence
of outliers on the conventional measure, we assume without loss of generality that a single outlier (denoted



as my) occurs at time [7T] with 7 € (0,1) in 2, and y; also has an outlier (m,,) at time [sT] with s € (0,1).!
The case without outliers corresponds to when all of the observations on z; and y; are drawn from the joint
distribution of z; and y;. On the other hand, the case with outliers are obtained by replacing z[;7] and
Ys1) With z7) + my and ygr) + my, respectively. With these outliers, the sample correlation becomes:

a_ _ Cova,y) + A(mg,my)
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where 50\1)(96, y) = % ST [(x¢—1iy) (Yt —Hi,)] is the sample covariance computed without outliers. Similarly,
Cov(zy) -
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8?3 and 83 are the sample variances computed without outliers. Hence, the ratio Cy =

sample correlation coefficient computed without the two outliers m, and m,. The distance between C and
Cy is a measure of the distortion caused by the outliers. The other two terms appearing in (3) are defined

as follows:
m
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The mathematical derivation of the result in (3) is straightforwardly obtained using the main results in
Huo et al. (2012), hence the proof is omitted. We note that the sample correlation in (3) influenced by
outliers can be expressed as: -

Cov(z,y) + A(mg, my)

C= f(ma,my), (6)
#26)"
—1/2
where f(mg,my) = <1 + %) . Then the first-order Taylor-series approximation of f(m,,my)
z0y
around (0, 0) provides the following:
F(maymy) & 1+ fin, (0,004 + fin, (0,0)m,. (7)

By substituting the Taylor approximation result in (7) into (6), we obtain:
5 ~ 60 + ﬁ,
where

A(mg,my)  Cov(z,y) + A(mg,my)
(32A2)1/2 (32A2)1/2

D=

(fine (0,0)mg + fin, (0,0)my) .

Since the first term 60 is the sample correlation coefficient computed without outliers, the second term Dis
the distortion caused by the presence of outliers. It measures how much the corrupted correlation coefficient
C deviates from the correct correlation coefficient Cp. The distortion term is a complicated function of the
magnitudes of the two outliers (m, and m,) and it is difficult to derive an intuitive interpretation of the
distortion term. Hence, we evaluate this distortion term by Monte Carlo simulations in Section 4 below.

'Note that the function [a] is the usual integer function taking the integer part of the real number a.



3 Alternative Robust Measures

The most frequently-used robust measure for correlation in the statistics literature is the Spearman rank
correlation, which is defined as:

T
6> df
§_—1__t=1
S=1-7m 1y (8)

where d; is the difference in the ranks of x; and 1.2 This expression implicitly assumes that there are no
tied ranks.

Following the idea behind Kim and While (2004), Bonato (2010), Ergun (2011) and White et al. (2011),
we consider another possible robust measure by replacing the population expectation F with a particular
quantile median, which will be denoted as M. The expected value (E) and the median (M) of a random
variable can equally measure the center of the distribution of the random variable, but the latter is more
robust than the former in the presence of outliers. Therefore, the resulting robust measure of correlation
(denoted by Cg) is given by:

M{(zt — k) (Yt — Ky)]
VM [(z — k2) 2/ M(ye — ry)?]

where M is taken with respect to the joint CDF of x; and y;, and kg, k,, are the population medians of x4,

Cr =

9)

yt; 1e., Ky = M(xy), Ky = M (ye). A natural estimator for Cr (denoted as CRr) is given by the following:

M (2 — Ra) (e — Ry)]
\/M (¢ — Rg) \/M [(yr — Ry) ]

where M is the sample median operator (i.e., M takes the middle value from a sample), and ﬁm,k\y are

(10)

the sample medians of x;, vy;; i.e., Ky = J/\I(l‘t) Ky = M( +).> We note that Cr corresponds to C in (2)
obtained by using the sample median in place of the sample mean.

The conventional measure of correlation C' depends heavily on some moment conditions for the under-
lying distributions of z; and ;. For example, if the distribution of the product (z; — u,)(y: — p,) does
not have the first moment (as in the Cauchy distribution), then the conventional measure does not even
exist. Of course, the same reasoning applies to either (z; — p,)? or (y; — p,)?. However, the median-based
robust measure in (10) is not susceptible to such moment conditions; in fact, the median-based measure is
well-defined for any underlying distributions of x; and ;.

When comparing the above two robust measures, we note that if there are many tied ranks, the
Spearman correlation can provide a poor approximation to what it intends to measure. On the other
hand, the median-based correlation estimator in (10) is not vulnerable to such a criticism. We also note

% As shown in Schweizer and Wolff (1981), the population version (denoted as S) of the Spearman rank correlation in (8)
is given by

S=12 / / [Fuy (1, 0) — Fo(u) F, (0)] dF (u)dF, (v),

where Fj, is the joint distribution of z; and y;.

3The conventional and robust correlation estimators (67 éR) are based on means and medians, respectively. It is obvious
that they do not estimate exactly the same population value although both mean and median are generally regarded as
measuring the ‘center’ of the underlying distribution. A special case where these two measures estimate the same value is that
z+ and y¢ are independent. It turns out that Cr tends to be smaller than C' in more general cases (i.e., when z; and y: are
correlated). A detailed discussion about this point will be provided later in Section 4.



that the formula for the Spearman correlation is not readily interpretable whereas that for the median-
based estimator is fairly intuitive. However, the relative computational merits of the two estimators are
yet to be investigated, which will be carried out in the following section.

4 Monte Carlo Simulations

In this section, we conduct Monte Carlo simulations to investigate the behavior of the conventional measure
(C), the median-based measure (C) and the Spearman measure (S) in the presence of outliers. The Monte
Carlo simulations closely follow the simulation design of Kim and White (2004), Bonoto (2010) and Huo
et al. (2012). We consider the standard normal distribution N(0,1) and the student ¢-distributions with
5 and 1 degrees of freedom [T-5, T-1] to represent thin, moderately heavy and extremely heavy tailed
symmetric distributions, respectively. For an asymmetric distribution, we use a lognormal distribution
with p = 1,0 = 0.4 (centered at zero by subtracting the mean value) denoted by LN(1,0.4). It is known
that T-1, also called the Cauchy distribution, has no first or higher moments. The inclusion of T-1 has
been motivated by recent studies. For example, Bonato (2010) has shown that some time-series data can
be regarded as coming from a distribution with infinite moments, and Ergun (2011) has provided some
empirical evidence that the first few moments of S&P500 do not exist for some time periods.

We generate two processes {2 }¢=1.... 7 and {y: }¢=1,... 7 independently from the above four distributions
with sample sizes T' = 50, 100, 300, 500 and calculate the conventional and robust measures. We repeat the
experiment 1,000 times to generate 1,000 estimates of both the conventional and robust measures. Because
we draw these two processes {z¢}¢=1.. r and {y;}i=1,.. 7 independently, the true value of correlation is
obviously zero. If there is no outlier, all three measures should be well centered at zero, the true value.

Figures 1-4 show the results for the conventional measure (6’) Each figure is constructed by four
windows representing four distributions, and each window shows four boxplots for four different sample
sizes. The vertical axis in each boxplot indicates the sample size. Each box-plot represents the lower (25%),
median (50%), and upper (75%) quartiles. The size of both whiskers extending from the box is set to be
the same as the size of each box (i.e., the inter-quartile range). The numbers at the end of each whisker
indicate how many observations lie beyond the end of that whisker.

Figure 1 shows the performance of C' when there is no outlier. Under all four distributions (/N (0, 1),
T-5, T-1, LN(1,0.4)), the conventional measure shows good performance and converges to zero (the true
value) reasonably quickly. Interestingly, the conventional measure performs well even under T-1, which
does not have any moment. According to Huo et al. (2012), the performance of the conventional measure
of covariance is severely distorted under T-1. It seems that there might be some ‘dampening effect’ by the
denominator of the correlation coefficient; i.e., the sample variances of z; and y; must be fairly large under
T-1.

Figure 2 shows the case in which there is a single outlier only in z;. Following Kim and White (2004), we
used 48.62 times of the 25 percentile of sample {x¢}t=1,.. 7 as an outlier and we replaced the observation
T[p.3+7) With this value in each sample. Kim and White (2004) have determined the size of outliers by
considering the 1987 stock market crash. The worst daily loss was -20.41% during the crisis. The outliers
in the simulations are constructed in such a way that they are comparable to such a massive market crash.?
As shown in Figure 2, the single outlier does not seem to have any effect on the conventional measure.

We also consider the case in which there are outliers in both x; and y; at different times. An outlier
for y; is generated in the same way as that for ;. That is, the value of the outlier for y; is 48.62 times of
the 25" percentile of sample {yt}+=1,... 7, and the observation Y[o.6+7] 1s replaced by the outlier such that
the two outliers occur at different times. The simulation results are shown in Figure 3. Interestingly, there
exists some impact in this case, not in the distorting way, but in the way of ‘improving’ the performance

*See Kim and White (2004) for a more detailed explanation of the size of outliers.



of the measure because the sampling distribution of C becomes much more concentrated around the true
value, 0. This ‘improvement’ rather than ‘distortion” must have been caused by the ‘dampening effect.’

Figure 4 shows the final case; outliers occur at the same time which are called ‘coincidental outliers.’
The figure clearly visualizes the distortion caused by such outliers. The discovered distortion is spectacular.
For the three distributions (N(0, 1), T-5, LN(1,0.4)), the center of the sampling distribution is very close
to the maximum value, 1, and it is heavily tightened and concentrated around the center when 7' = 50.
The sampling distribution moves toward zero as T increases, but it moves fairly slowly so that the center is
still either around or above 0.6 even for 7' = 500. Also, the entire sampling distribution of the conventional
measure far exceeds zero, indicating that researchers will incorrectly accept a spurious correlation 100% of
the time. The discovered results shown in Figure 4 therefore may indicate that some uncorrelated or weakly
correlated stocks may appear to be strongly correlated during a large financial crisis. Such an observation
is consistent with the important asymmetric correlation literature® which has put forward a stylized fact
that correlations between equities or stocks tend to increase during stressful market situations.5

We must also point out a potential problem with our simulation design, especially with coincidental
outliers. The problem is that coincidental outliers are injected deterministically into the two independently
generated series z; and ;. In reality, coincidental outliers are hardly viewed as deterministic because if
the two series are independent, then the chance of a large shock hitting both on exactly the same time
may be too small to be of any practical concern except a very rare event such as the 9/11 attack. Other
events hitting the stock market like the 1987 stock market crash or the subprime mortgage crisis are better
described as endogenously or stochastically occurring. However, implementing this more realistic design
can be complicated and is beyond the scope of the paper. Hence, we must emphasize that the current
simulation setup should be regarded as a convenient short-cut to examine the influence of simultaneous
crashes that sometimes occur stochastically due to the strong dependence at the extreme tails of the
underlying distributions.”

We now consider the behavior of the median-based robust measure CR and the Spearman measure S
in the presence of coincidental outhers Figures 5-6 display the behavior of the robust measures CR and
S. The sampling distribution of CR is highly concentrated around zero as shown in Figure 5. Hence, the
median-based measure CR does not lead to an incorrect conclusion based on a spurious correlation. The
behavior of the Spearman rank correlation coefficient (§ ) is shown in Figure 6, indicating that there is no
distortion in 5. We note that (i) the sampling distribution of Cr seems more tighter around zero than
S, and (ii) the sampling distribution of S is a little bit shifted to the right in the presence of coincidental
outliers. This slight distortion, however, quickly disappears as the sample size increases up to 7" = 300, 500.

In addition to the graphical information provided by all the box-plots, we have also computed the
simulated bias and mean-squared error (MSE) of the three correlation estimators (C,Cg,S). To save
space, we focus only on the case where two outliers occur at the same time (i.e., corresponding to Figures
4, 5 and 6) and the T-5 distribution case. The results are reported in Table 1. As shown in the table, both

?Some selected papers include Boyer et al. (1999), Longin and Solnik (2001), Ang and Chen (2002), and Patton (2006).

SWe acknowledge that this link to the asymmetric correlation literature has been suggested by a referce.

TSuppose that, more realistically, the coincidental outliers are stochastic and occur due to strong tail dependence. If so, the
population correlation measure might not be zero, since there is dependence in the tail. Hence, the large sample correlation
coefficients such as shown in Figure 4 might not be entirely spurious, and can partly reflect the influence of the tail dependence
on the population coefficient. However, even in this case, the population correlation may be an unattractive measure since it is
so strongly influenced by the tail dependence. This shows that the population version of the proposed median-based measure
may be more attractive, because it is robust to heavy tail-dependence. We thank the referee for bringing this point to our
attention.

$We have also produced the results for the other cases (no outlier, a single outlier in x; only, and outliers in x; and y; at
different times), but do not report them in the paper because the results are fairly similar to the case of coincidental outliers.
All the figures for these cases can be downloaded from http://web.yonsei.ac.kr/thkim/downloadable.html. Whenever some
results are not provided in the subsequent discussion, the complete set of all results are also available at the same website.



6’3 and S display substantially smaller bias and MSE than the conventional measure C over all sample
sizes and all generating distributions. When the sample size reaches 300 or 500, both bias and MSE are
almost negligible for both Cr and S whereas they are still large for C. When Cr and S are compared
against each other, the median-based method C’R is marginally better than S in terms of both bias and
MSE.

We now turn to the non-zero correlation case. We set the true Pearson correlation coefficient (C) to be
0.5 in all generating distributions. The results for the conventional measure C are shown in Figures 7-10.
Unlike the previous zero correlation case, the dampening effect is absent both when there is a single outlier
in z; (Figure 8) and when there are outliers in z; and y; at different times (Figure 9). Figure 10 shows
that the effect of coincidental outliers is again spectacular. On the other hand, such a large distortion is
not present in both Cr and S as shown in Figures 11 and 12 in the case of coincidental outliers. However,
we find that the center of the sampling distribution of 63 is a bit smaller than the true Pearson value 0.5
whereas the sampling distribution of S is well centered at the true Pearson value, except the T-1 case.’
Moreover, the sampling distribution of S seems to be tighter around its center than that of éR, which
means that S must be better than Ci in terms MSE. We note that the discovered ‘downward bias’ of Cp
shown in Figure 11 is present only because we compute the bias with respect to the true Pearson value C.
If the bias is computed as the difference between Cr — Cr, then it can be easily shown that Cr exhibits
no bias.

In summary, the simulation results indicate that (i) the conventional Pearson measure is heavily affected
by outliers, especially coincidental outliers, (ii) the median-based measure is marginally better than the
Spearman measure if the true Pearson correlation coefficient is zero or close to zero, but (iii) the Spearman
measure is clearly better than the median-based measure in terms of MSE when the true correlation
coefficient is away from zero.

5 An Empirical Example

In this section we provide a small empirical application where we estimate the conventional measure, the
median-based measure, and the Spearman measure for a pair of stock returns. The stocks considered in
our application are Key Corp (Key) and National Oilwell Varco, Inc (NOV). These two companies are
among those who experienced sharp declines in October 2008 (the subprime mortgage crisis) so that there
are coincidental outliers in their returns. In fact, the loss during the same week of October 6, 2008 was
-45.87% and -43.21% for the two companies, respectively. Another reason for selecting these two is that
these companies are operating in financial and manufacturing sectors, respectively, so that it is expected
a priori that their return series may not be strongly correlated. We have downloaded weekly data from
Yahoo Finance and calculated returns. The sample period is from the week of 1/3/2005 to the week
of 8/18/2014, which leaves us 502 weekly returns. Table 2 shows the estimation results. The first row
reports the estimated values for the three measures (C,Cg,S), which are 0.50, 0.24, 0.34, respectively.
The value 0.5 for the Pearson measure is somewhat high, which is contrary to our expectation. However,

°To explain the bias of Cr shown in Figure 11, let us come back to the formula of the median-based measure in (9). For
illustration, we focus on the N(0,1) case in which k. and k, are not very different from p, and Hys respectively. Therefore,
abstracting from the denominator in the formula in (9), the difference between the median-based measure and the Pearson
measure depends on how much skewness the distribution of the product term (z: — kz)(y: — ky) possesses because they
corresponds to the median and mean of the product term, respectively. An extreme case is C' = 1, which makes the distribution
of (z¢ — Kz )(ys — ky) very close to the chi-squared distribution with 1 degree of freedom x2(1). With a moderate degree of
correlation, the distribution of the product term is always skewed either to the left or to the right although its degree of
skewness is smaller than x?(1). Hence, the median-based measure is always smaller than the Pearson measure in absolute
value. The median-based measure can be regarded as a shrinkage version of the Pearson measure, shrunken towards zero, in
which the intensity of shrinkage is automatically adjusted by the degree of asymmetry of the underlying distributions.



when the two robust measures are employed, the degree of correlation is decreased. Next, we have dropped
the coincidental outliers during the week of October 6, 2008 and recalculated the three measures, which
are 0.45, 0.24, 0.34 reported in the second row of Table 2. Only the Pearson measure is reduced. In
fact, the two companies have the second largest coincidental outliers during the week of November 24,
2008; a coincidental surge in their returns of 50.61% and 31.44% for the two, respectively. Hence, we
have dropped these outliers as well for recalculation. The re-estimated values are shown in the third row
of Table 2; 0.41, 0.24, 0.33. Again, the Pearson measure is further decreased whereas the two robust
measures are qualitatively unchanged. As expected from the simulation results, the median-based measure
underestimates compared to the Spearman measure in all cases.

6 Conclusion

In this paper, we show analytically and by simulations that the conventional measure of correlation is
heavily influenced by the presence of outliers. Simulation results indicate that the distortion caused by
outliers can be fairly large, especially when outliers are present in both variables simultaneously. In such
a case, the entire sampling distribution of the correlation coefficient is far outside the true value of zero
even when the two variables under consideration are truly independent. Hence, it is highly possible that
researchers can wrongly conclude 100% of the time that the two variables are linearly related. Documenting
such a spurious correlation phenomenon, we consider some robust alternative measures and compare their
performance in the presence of such coincidental outliers by Monte Carlo simulations. The simulation
experiments show that robust measures are not influenced by coincidental outliers. Based on simulations
and empirical evidence, we recommend that the Spearman measure should be used when coincidental
outliers are suspected.
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Table 1. Simulated bias and MSE of the three estimators ((f ,éR ,§) with coincidental outliers (for the

T-5 distribution only)

Sample Size (T) Bias MSE

50 0.92 0.85

. 100 0.87 0.76
¢ 300 0.71 051
500 0.60 0.36

50 0.02 0.02

S 100 0.01 0.01
R 300 0.00 0.00
500 0.00 0.00

50 0.06 0.02

. 100 0.03 0.01
S 300 0.01 0.00
500 0.00 0.00

Note: The results for the other generating distributions are available from the following website:

http://web.yonsei.ac.kr/thkim/downloadable.html.

Table 2. Estimated values for the three estimators (é ,éR,é) using the return data on KeyCorp and

National Oilwell Varco, Inc.

C ol S
All observations included 0.50 0.24 0.34
The largest coincidental outliers
(2008/10/6) deleted 0.45 0.24 0.34
The 2" largest coincidental outliers
(2008/11/24) deleted as well 0.41 0.24 0.33




Figure 1. Sampling distributions of C (Box-plots): no outlier case with C =0
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Figure 3. Sampling distributions of C (Box-plots): outliers in x, and y, at different times with C =0
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Figure 4. Sampling distributions of C (Box-plots): outliers in x, and y, at the same time with C =0
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Figure 5. Sampling distributions of éR (Box-plots): outliers in x, and vy, at the same time with C =0
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Figure 7. Sampling distributions of C (Box-plots): no outlier with C =0.5
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Figure 9. Sampling distributions of C (Box-plots): outliers at different times with C =0.5
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Figure 10. Sampling distributions of C (Box-plots): outliers at the same time with C = 0.5
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Figure 11. Sampling distributions of éR
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Figure 12. Sampling distributions of S (Box-plots): outliers at the same time with C = 0.5
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