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Abstract

This paper proposes a theory of price discrimination based on consumer loss aver-
sion. A seller offers a menu of bundles before a consumer learns his willingness to pay,
and the consumer experiences gain-loss utility with reference to his prior (rational) ex-
pectations about contingent consumption. With binary consumer types, the seller finds
it optimal to abandon screening under an intermediate range of loss aversion if the low
willingness-to-pay consumer is sufficiently likely. We also identify sufficient conditions
under which partial or full pooling dominates screening with a continuum of types.

Our predictions are consistent with several observed practices of price discrimination.
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1 Introduction

When facing heterogeneous buyers, price discrimination allows a seller to capture a larger
portion of the total market surplus than offering a single product quality. Price discrimi-
nation is prevalent but sellers often employ just a small number of product types, despite
our casual and statistical observations that suggest significant heterogeneity among buyers’
willingness to pay. The lack of sufficient product variety has been commonly attributed to
the existence of some fixed costs of launching products of different qualities (e.g. Dixit and
Stiglitz (1977), Spence (1980)). In many instances, however, these costs tend to be small or
immaterial thereby making it difficult to justify the observed patterns of firm strategy by
resorting to such costs alone.

Motivated by these observations, this paper proposes a theory of price discrimination
that incorporates a now well-established bias from rational decision making, namely, con-
sumer loss aversion (Kahneman and Tversky (1979)). Specifically, we introduce Készegi and
Rabin’s (2006) expectation model of reference-dependent preferences into a standard screen-
ing model d la Mussa and Rosen (1978).! In our setup, a monopolist seller offers a menu
of bundles before a buyer privately observes his willingness to pay and decides whether or
not to make a purchase. As in K6szegi and Rabin (2006), henceforth referred to as KR, the
buyer anticipates his future consumption choice for each possible contingency and experiences
“gain-loss utility” with reference to his own past expectation of contingent consumption, in
addition to standard “consumption/intrinsic utility.” Furthermore, the expectation must be
correct; that is, it must be consistent with the buyer’s optimal consumption choice in each
realization of uncertainty. This requirement of rational expectation, or personal equilibrium
(PE), implies that the menu must satisfy incentive compatibility and (ex post) participation
constraints that account for reference-dependent preferences and loss aversion.?

In addition to the large existing literature documenting empirical support for loss aversion
in a variety of economic situations, a slew of recent studies point to the specific role played
by expectations in the formation of reference points (e.g. Mas (2006), Abeler, Falk, Gotte
and Huffman (2011), Card and Dahl (2011), Crawford and Meng (2011), Ericson and Fuster
(2011), Sprenger (2011), Gill and Prowse (2012)). The price discrimination setting offers

a natural ground to explore the expectation-based approach to reference point formation,

'Készegi and Rabin (2007, 2009) extend their previous model to incorporate risky and intertemporal
decisions. Other models of expectation-based reference-dependent preferences are analyzed by Bell (1985),
Loomes and Sugden (1986), Gul (1991) and Shalev (2000).

20ur main results also hold under alternative timelines with ex ante participation. See Section 5.2.



because its essential ingredient is the uncertainty of consumer demand. We usually know
products that are available before discovering the specific conditions that determine our
preferences. Consider, for example, a sports fan whose willingness to pay for the sports
TV package is influenced by the performance of his favorite team during pre-season. This
consumer may form an expectation that he would purchase the premium package if and only
if the favorite team ends up having a promising pre-season. But, once the regular season
starts, he compares the expected purchase to what he could have consumed.

We show that loss aversion indeed serves to limit the benefits of price discrimination
and can even result in the optimality of a full pooling menu in a situation where buyers
with standard preferences would be separated via a menu with strictly increasing quality-
price schedule. Moreover, the expectation-based approach brings into play an additional
determinant of optimal contractual form: it depends on an interplay between the extent of
consumer loss aversion and the shape of the distribution of consumer’s willingness to pay.
In particular, our results suggest that given a (sufficient) level of loss aversion, the firm is
more likely to shy away from screening in markets with large population of consumers with
low willingness to pay.

Our main message is most clearly conveyed in the case of binary consumer types, where
the effect of loss aversion manifests itself in two ways. First, when each consumer compares
the alternative of non-participation to the bundle of his choice ex post, he experiences a
loss on quality and a gain in money. Thus, as the consumer becomes more loss averse, he
becomes willing to pay more for a given quality, which implies that the seller can profitably
increase the quality for the type whose participation constraint is binding (i.e. the low
willingness-to-pay type).

Second, for the consumer who acquires an information rent (i.e. the high willingness-
to-pay type), deviation to lower quality-price bundle leads to another channel of gain-loss
comparisons across the two utility dimensions. In this case, however, the comparison is
weighted by the ex ante likelihood of the alternative event. Given loss aversion, the deviation
incentive would be greater when the low willingness-to-pay type, and thus a lower price, was
anticipated with a larger probability. The combination of the above two effects generates
the following: when the likelihood of low willingness-to-pay consumer is sufficiently large
and the degree of loss aversion lies in an intermediate range, the seller’s optimal strategy is

to offer the same bundle to both types.®

3When the buyer is very loss averse, a reverse-screening menu, where the low consumer type purchases a



In our model, multiple personal equilibria may arise from a menu. Our treatment above
follows the standard mechanism design approach by assuming that the firm can select the PE
and hence focusing on truthful self-selection. An alternative approach suggested by KR is to
assume that it is the consumer who is capable of choosing his favorite PE, or the preferred
personal equilibrium (PPE). We derive the optimal menu under the concept of PPE and
binary consumer types, and show that a pooling menu continues to be optimal under a wide
range of parameter values. To our knowledge, this is the first non-trivial analysis of PPE in
a model of adverse selection to date.

In another extension, we incorporate a continuum of consumer types into the analysis.
Here, focusing on the case in which full separation is optimal under standard preferences, we
establish conditions under which partial or even full pooling is optimal among menus with
monotone quality and price.

Our paper contributes to the growing literature on firm behavior under boundedly ratio-
nal agents (see the surveys of Ellison (2006), Spiegler (2011), K&szegi (2014)). Among this
literature, monopolist’s screening problems with loss averse consumers have recently been
studied independently by Herweg and Mierendorff (2013) and Cabarjal and Ely (2014).

Herweg and Mierendorff (2013) consider a seller who chooses from two-part tariffs for a
loss averse consumer with uncertain demand and demonstrate the optimality of flat tariff.
They model the consumer also in the frame of KR. In contrast, we do not restrict ourselves to
two-part tariffs but consider a general class of contracts to show how consumer loss aversion
can generate pooling over quality as well as price. In Cabarjal and Ely (2014), the seller offers
a menu to a consumer who already knows his type and admits an exogenously given reference
point that is type-dependent. The consumer exhibits reference-dependent preferences only
with respect to quality consumption. In terms of results, their main concern is to explain
how the shape of optimal contract depends on the precise form of the reference point.

Loss aversion has been fruitfully incorporated in other contexts of firm behavior. Heid-
hues and Kdszegi (2014), Spiegler (2012) and Rosato (2013) consider monopoly pricing with
complete information. In these models, the monopolist can optimally commit to a random
pricing strategy. In contrast, we explore the role of loss aversion in a model with demand
uncertainty and menu contracts. The consumer’s expectations concern his future demand,

not the price realization. Courty and Nasiry (2015) derive the uniformity of optimal price

higher quality-price bundle than the high consumer type, can be made incentive feasible and even optimal.
However, this result does not hold when there is a continuum of types. See Section 5.1.



irrespective of product quality in a monopoly model with consumer loss aversion and random
utility shocks. They do not however address the issue of screening as we do here.

Also using the KR model, Heidhues and Készegi (2008) explain why firms with dif-
ferentiated products and heterogeneous costs may end up charging a uniform price. The
competition model of differentiated products is also explored by Karle and Peitz (2013) and
Zhou (2011). De Meza and Webb (2007) and Herweg, Miiller and Weinschenk (2010) study
the role of loss aversion in agency problems. In auctions, loss averse bidders are introduced
by Eisenhuth (2010), and Grillo (2013) considers a cheap talk game in which the receiver is
loss averse.

Finally, our paper complements other approaches aimed at understanding the implica-
tions of biased consumers for monopolist behavior. Time-inconsistent preferences or self-
control problems have been explored in the context of contract design by DellaVigna and
Malmendier (2004), Eliaz and Spiegler (2006), Esteban, Miyagawa and Shum (2007) and
Heidhues and Készegi (2010); Eliaz and Spiegler (2008) and Grubb (2009)) investigate the
role of overconfident consumers.

This paper is organized as follows. Section 2 lays out a price discrimination setup with
KR’s reference-dependent preferences for the binary-type case. In Section 3 we characterize
the optimal menu in our model by adopting truthful personal equilibrium as the solution
concept. The optimal menu under preferred personal equilibrium is characterized in Section
4. We offer several extensions in Section 5, including an analysis of a continuum of consumer
types. Section 6 concludes. All proofs are relegated to the Appendix unless mentioned

otherwise. We also present the details of some omitted analyses in a Supplementary Material.

2 The Setup

2.1 Price Discrimination with Loss Averse Consumers

Consider a market that consists of a monopolistic seller of some product and its buyer. Let
b = (q,t) denote a “bundle” in which the product of quality ¢ is sold for the payment of ¢,
and let () = (0, 0) denote the null bundle or outside option. The seller’s profit from a bundle
b= (q,t) is t — cq, where ¢ > 0 is the constant marginal cost of production. There is no cost
of offering a bundle.

We assume that the buyer has reference-dependent preferences, which consist of “con-



sumption (or intrinsic) utility” and “gain-loss utility.” First, the buyer’s consumption utility

from a bundle b = (¢, t) is given by
m(b; 0) := bv(q) — ¢,

where 6 is a measure of willingness-to-pay and v(-) is a (differentiable) function satisfying
v(0) =0,7'(-) > 0,"(-) <0, (lli_r%v’(q) = oo and qli_}ngov’(q) = 0. We assume that 6 is randomly
drawn and becomes privately known to the buyer when it is realized. For now,  is assumed
to take binary values, 6, > 0 and 0y > 6 with probability p € (0,1) and 1 — p, respectively.
Later in Section 5.1, we will consider a continuum of types.*

Next, we explain the gain-loss utility. The situation we have in mind is as follows.
The seller commits to a menu of bundles, M, which is observed by the buyer before his
willingness-to-pay, #, is known. The buyer then anticipates his choice of bundle for each
possible contingency of the realization of his type, and this expectation serves as his reference
point when actual consumption takes place after the uncertainty becomes resolved. We will
later require that this expectation be consistent with the buyer’s actual choice; that is, the
expectation should be rational.

The following timeline will be useful to illustrate the model and compare it with the

standard screening model.

I I I ~Time
The seller offers a menu; 0 realized The buyer chooses/consumes
The buyer forms a reference point a (no) bundle from the menu

In the standard contract theory, the type parameter 6 usually represents the agent’s
inherent preference for consumption which is realized and privately observed prior to the
contracting stage. In our setup, # can be interpreted as a random utility component that
becomes known to the buyer only when the uncertainty, which determines the buyer’s will-
ingness to pay, gets resolved around the time of consumption. Prior to learning # and making
the actual purchase, the buyer has time to observe the seller’s menu already existing in the
market (and possibly being bought by other buyers) and forms a contingent consumption

plan that will serve as reference point.

4The consumer in our model has vertically differentiated tastes for quality. We also consider the impli-
cations of loss aversion in the model with horizontal demand heterogeneity. See Section 5.3.



Formally, let r; = (¢}, t}) denote the bundle that the buyer expects to choose if his type
is realized to be 0;, i = H, L. Given R := {rp,ry},” type-0 buyer’s gain-loss utility from a
bundle b = (g, t) takes the following form:

n(b; 0, R) := p[u(v(q) — Orv(qr)) + p(ty, — )] + (1 —p) [w(0v(q) — Orv(ay)) + pu(ty —1)],
(1)

where p is an indicator function such that, for any kq, ko € R,

ki — ko if ky > ko

wky — ko) :=
(1 = k) {/\(k;l—k:g),/\>1ifk1<k2.

To explain our formulation, consider the term u(6v(q) — 6Lv(q})) in the RHS of (1), for
instance. This captures type €’s gain-loss utility from consuming quality ¢ relative to state
01, which is then weighted by the probability p with which the buyer had expected 0}, to
occur. Note that the consumer in our model experiences gain-loss from the difference in the
final wutilities that he would obtain across two states. The parameter A measures the degree
of loss aversion.

Following Tversky and Kahneman (1991) and Kdszegi and Rabin (2006), we assume that
the gain-loss utility is additively separable across the two consumption dimensions, quality
and monetary transfer.® Given the reference point R (expected choices of bundles), a type-0

buyer’s overall utility from b = (g, t) is the sum of consumption and gain-loss utilities:"
u(bl0, R) :== m(b;0) + n(b; 0, R).

2.2 Personal Equilibrium

We now introduce the notion of personal equilibrium proposed by KR, which incorporates

the idea that the reference point formed by an economic agent should be in accordance with

When we write a menu as an ordered pair of two bundles, the first (second) element refers to the bundle
consumed by the low (high) type. When the two elements are the same and equal to r, with slight abuse of
notation, we sometimes write the corresponding menu simply as {r}.

6The additive separability of gain-loss utility is consistent with the endowment effect observed in many
empirical studies. An alternative formulation would be to apply the gain-loss utility to the total utility,
Bv(q) —t. Tt turns out that the predictions of our model under such a gain-loss specification are no different
from the model with standard preferences. See Section S.7 of the Supplementary Material.

"To adjust the magnitude of gain-loss utility relative to consumption utility, we could introduce a pa-
rameter, say 3, and multiply it to the gain-loss utility term. Here, we set 5 equal to 1 for simplicity; the
qualitative features of our results remain the same for any 8 provided it is not too small.



his actual choices.

Definition 1. Given any menu M, R = {r;}i—g, C MU{0} is a personal equilibrium (PE)
of

u(r;|6;, R) > u(b|0;, R),Yb € M U{0},Vi=H, L. (2)
We say that R = {r;}i—p.u is a truthful personal equilibrium (TPE) if it is a PE given
M = R.

Condition (2) requires that each bundle 7; in the PE be optimal for type 6; with R as the
reference point so that r; is the bundle the buyer actually chooses if his type turns out to
be ;. Note that the equilibrium utility of each type must be no lower than its utility from
choosing the null option since the buyer can always opt out after the realization of his type.

In the case of a TPE, the reference point itself is offered as a menu and therefore each
type only needs to prefer his choice of bundle over the other type’s bundle or the null bundle.
That is, R = {r;}i—rg is a TPE if and only if the incentive compatibility and individual

rationality requirements hold as follows: for each i = H, L,

u(r;|0;, R) > u(r_;|0;, R) (1C;)

Since these inequalities, henceforth referred to as the (IC) and (I R) constraints, are implied

by (2), the following result is immediate.

Proposition 1. Suppose R = {r;}i=r.u is a personal equilibrium (PE) of some menu M.

Then, R is a truthful personal equilibrium (TPE).

This result is a version of revelation principle since it implies that it is without loss to focus
on direct menus, i.e. menus in which every bundle is purchased in equilibrium.

The concept of personal equilibrium is not robust to the problem of multiple equilibria,
however. When the seller offers a TPE menu R = {by,by}, the buyer might form an
alternative reference point R' # R and play it as a PE so that the seller fails to achieve
the desired outcome. Moreover, the alternative PE could give the buyer a higher ex ante
expected utility than the TPE. It is possible that the TPE generates a negative ex ante
utility with there being another PE in which the buyer does not buy at all.

One approach to resolve the issue of multiple PEs proposed by KR is to assume that the

consumer always chooses the PE that maximizes his ex ante expected utility, or the preferred

7



personal equilibrium (PPE). Let P(M) denote the set of all PEs that can arise when the
seller offers a menu M; that is, R belongs to P(M) if R C M U{0} and R satisfies condition
(2). Also, given a menu R = {(qr, 1), (qu,tn)}, let U(R) denote the buyer’s corresponding

ex ante expected utility:
U(R) := pu(re|0r, R) + (1 — p)u(ru|0u, R).

Definition 2. Given any menu M, R = {r;}i—cur C M U {0} is a preferred personal
equilibrium (PPE) if R € P(M) and U(R) > U(R') for all R" € P(M). We say that
R = {ri}icL.u is a truthful preferred personal equilibrium (TPPE) if it is a PPE given
M = R.

We characterize the seller’s profit-maximizing menu of bundles under both notions PE
and PPE. In Section 3, the seller is assumed to be able to select his favorite PE from the
menu that he offers; in Section 4, the buyer selects the PPE. While it may be unrealistic to
assume that the seller can always manipulate the consumer’s beliefs, it also seems plausible
that some consumers would respond naively to the menu on the table when he forms beliefs
about his future contingent actions.

In both treatments, we restrict attention to the set of direct menus by focusing on TPE
and TPPE. This is without loss for the analysis of PE menu due to Proposition 1, but a
similar revelation principle for PPE menus may not hold. To see this, suppose that R is a
PPE given some menu M # R. It is possible that R is not a PPE given itself-that is, R is
not a TPPE-because we cannot a priori rule out existence of some R’ € P(R) that does not
belong to P(M) and generates a higher ex ante expected utility. This failure of revelation
principle poses a great challenge for a complete analysis of optimal menu design since such
analyses rely critically on the revelation principle, as well known from the mechanism design
literature. Later (in Remark 2), we will offer a discussion on the strength of our results on

optimal TPPE menus.®

8We also consider an alternative model of consumer preference in which the reference point is given by
the fixed expected utility of a given menu instead of the KR formulation of stochastic consumption plan.
See Section 5.4.



3 Optimal TPE Menu

3.1 The Seller’s Problem

Proposition 1 implies that the set of PE menus is equivalent to the set of TPE menus
and hence there is no loss in restricting ourselves to menus that are themselves TPEs. We
sometimes refer to such a menu simply as a TPE menu and let M denote the set of all TPE

menus. The seller’s problem, denoted as [P], is given by

max tr —car) + (1 —p)(ty — cqr). P
{(qL,tL),(qH,tH)}eMp(L qr) + (1 = p)(tu — cqu) [P]

Under the reference-dependent preference framework, a broader class of menus can be
supported as TPEs, compared to the standard screening model. In particular, it is possi-
ble to have the low-type buyer purchasing the higher quality-price bundle and vice versa.
Given such a menu, the high type suffers a loss from deviating to mimic the low type and
paying more than anticipated, and this no longer supports the usual incentive compatibility
argument for the necessity of quality monotonicity of a feasible menu.

One class of menus that can be easily ruled out is one where one type of buyer receives
a lower quality but pays more than the other type (including the case of a higher payment
for the same quality or the same payment for a lower quality). The reason is simple: if the
former type deviates to the latter’s bundle, then he will enjoy a higher gain-loss utility as
well as a higher intrinsic utility.

We are therefore left with the following three classes of menus to consider.

1. Pooling menu: qug = qr, and tyg =1,
2. Screening menu: qg > qr, and tg > tr,

3. Reverse-screening menu: qp < qp and ty < tg,

We let M, M*% and M?® denote the set of pooling, screening and reverse-screening
menus, respectively, that satisfy the (IC) and (I R) constraints. For the full expressions of

these constraints, see Section S.1 of the Supplementary Material.



3.2 Symmetric Information Benchmark

Before the main analysis, we examine the optimal menu when the seller and buyer are sym-
metrically informed. This will give us an insight into how the informational asymmetry inter-
acts with loss aversion to generate the optimality of pooling. Consider a profit-maximizing
seller who is symmetrically informed of # and thus can commit to a menu ex ante such that
she imposes (g;, t;) upon observing each type 6; being realized. Specifically, we modify the
seller’s problem [P] by dropping the (I/C') constraints. Let us denote by [P*] the seller’s
profit maximization problem among contracts that satisfy the (I R) constraints only.

The following result gives a necessary condition for the optimal menu with symmetric

information.
Lemma 1. The solution to [P*] must be such that Ogv(qy) > 0rv(qr) and tyg > tr.
Using the above Lemma and the fact that both (I R) constraints are binding, we obtain

A+1
tL:( + )QLU(qL) and tyg =t; +

Orv(qn) — 0rv(qr)
. ®)

B(p,\) ’

where
1+ (1—=p)+pA

S ldp+(I—pX

B(p,A) : (4)

Here, B(p,\) measures the relative impact of loss aversion on deviation incentives in our
model, where gain-loss utilities arise stochastically in both quality and monetary dimensions.
Deviating from purchasing the reference bundle to the null bundle induces a loss in quality
but a gain in money. Notice that B(p,1) = 1.

Assuming 0xv(qr) > 0rv(qr) at the optimum,” we can plug (3) into the objective function

and take the first-order conditions to obtain

c _[(A+1)B(p,A) —2(1—-p)]b; (5)
v'(qr) 2pB(p, )
c O

Jam) BN’ ©)

Note from (5) and (6) that g, > ¢ if and only if

(A+1)B(p,\) —2(1 —p) _ On
2p =9, (7)

Tt is possible to have Ogv(qr) = 0,v(qr) at the optimum. We ignore this case to ease the exposition.

10



which holds for A exceeding some threshold since (A+1)B(p, A) strictly increases in A without
bound. Thus, with A high enough to satisfy (7), the symmetrically informed seller can
maximize profit by endowing the low type with a higher quality but charging the high type
with a larger transfer (see (3)). Note that the optimal qualities are the same across the two
types only when (7) holds as equality, which is a knife-edge phenomenon. Furthermore, the
same quality does not necessarily mean the same transfer.

This implies that pooling menu, which is the main focus of our analysis, does not arise
when the buyers are loss averse but do not hold private information. Neither does it emerge
as a consequence of asymmetric information alone, as in Mussa and Rosen (1978). The
optimality of pooling is indeed a consequence of the interplay between loss aversion and
asymmetric information, as we demonstrate in later sections. Intuitively, pooling will emerge
as the optimal menu when the quality reversal is desirable due to loss aversion but is not

feasible in the presence of asymmetric information.

3.3 Results

We now turn to the analysis of [P], i.e. finding an optimal menu when the seller and
buyer are asymmetrically informed. A unified analysis of all possible menus is not available
since different classes of menus entail different forms of gain-loss utility. Our analysis below
considers each class separately to identify an optimal menu within that class, which will
then lead us to characterize the overall optimal menu. Note that any pooling menu lies on
the boundary of the set of feasible screening menus (M?) or reverse-screening menus (M?7).
The optimality of pooling will thus arise if two inequality constraints, qg > g7 and qg < qy,
which we impose to find an optimal menu within M?® and M?®, turn out to be binding.
In what follows, whenever we mention an “optimal screening (pooling or reverse-screening)
menu,” it will mean optimality within the set of screening (pooling or reverse-screening)

menus.

3.3.1 Pooling Menu

We begin by characterizing the seller’s profit-maximizing choice within the class of the pool-
ing menu. Consider a pooling menu R = {r = (¢,t)} € M. Clearly, the (I Ry) constraint
is implied by the (I Ry) constraint since, if both types choose the same bundle, type 0y is

better off in terms of both intrinsic and gain-loss utilities while the outside payoff is type-

11



independent. Now, (I Ry) can be written as

u(r|0r, R) = 0rv(q) —t — (1 = )My — 0)v(q)
> u(D|0r, R) = p[t — Mrv(q)] + (1 —p)[t — Nxv(q)],

or after rearrangement,

(A+1)

t <
o 2

Orv(q)- (8)

Clearly, (8) must be binding at the optimum. The following result is then immediate

from the first-order condition of the seller’s profit-maximization.

2c

Proposition 2. The optimal pooling menu, {(q”,t")}, is such that 0rv'(¢") = 375

Thus, the seller finds it optimal to sell a higher quality to a consumer with higher A.
This is because the buyer wants to avoid the loss from non-participation and, therefore, is
willing to pay more for a given amount of consumption if he is more loss averse, as can be

seen in (8) above.

3.3.2 Screening Menu

Consider a screening menu R = {r; = (q,t1),75 = (qu,tn)} € M® where q; < qy and
t;, < ty. As in the standard screening model, we can show that the (ICy) and (IRp)
constraints are binding at the optimum while the other constraints are not. Using a similar

derivation to (8), the (I Ry) constraint can be written as

A+1

tr S QLU(qL)’ (9)

which must be binding at the optimum. Thus, for the same reason as in the optimal pooling
menu above, the optimal quality for the low type increases with loss aversion. We refer to
this as the participation effect of loss aversion, meaning that a greater aversion to the loss
resulting from comparison with non-participation enables the seller to charge more and thus
increase the quality for the low type consumer.

Next, write the (ICy) constraint as

u(rp|0n, R) = 0pv(qu) — t + pl0nv(qe) — Orv(qr) — Mty — t1)]

12



> u(rp|0m, R) = 0pv(qr) — tr + p(0n — 0r)v(qr)
+ (1 =p)[(ta —tr) — Mu(v(gn) — v(qw))],

which can then be rewritten as
14+ (1=p)+p\N(tyg —tr) <[1+p+ (1 —p)ANglv(qn) — v(qr)]- (10)

The benefit of type 0y deviating to rz, captured by the LHS of (10), consists of reduced
payment, ty — t7, and its positive impact on the gain-loss utility, (1 — p + pA)(tg — t1). To
understand the latter, note first that the gain from paying t; instead of ¢y is weighted by
the probability 1 — p with which the buyer expected the payment to be ty. At the same
time, by the deviation, the high type avoids the loss equal to A(ty — t1) that he would have
incurred from sticking with his equilibrium choice, which is weighted by the probability p
with which 6, would have occurred. The cost of deviation, captured by the RHS of (10),
results from a reduced quality from gy to ¢, and can be explained similarly.

Notice from (10) that higher A amplifies both the benefit and cost of deviation. When

binding, (10) can be written as

Oulv(gu) — viqr)] (11)

tg =t
N T

where B(p,\) = % as defined previously in (4). Here, B(p, A) is derived from the
high type consumer’s incentives to deviate from his reference bundle to the cheaper and
lower quality bundle, which would result in a monetary gain but a quality loss. If a higher A
makes B(p, \) larger (smaller), then the loss aversion makes screening less (more) effective
in enabling the extraction of more payment from the high type. We will refer to this as the
screening effect of loss aversion, which could be favorable or adverse to the seller depending
on the value of p. Also, (11) implies that, for a fixed A, the effectiveness of screening is
decreasing in the likelihood of low type, i.e., B(p, A) is increasing in p.

Now, we describe the optimal screening menu and compare it with the optimal pooling

menu.

Proposition 3. (a) The optimal screening menu, {(q5,t3), (q;,t5,)}, is such that

c max{(H 1)B(p, M), - 2(1 —p)0H70} (12)

v'(q3) 2pB(p, )
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g~ BN (13)

where ¢35, if not equal to 0, increases in X\ and q5; decreases (increases) in X\ if p > %
(p<3)

(b) Any screening menu is dominated by the optimal pooling menu if and only if

0 A+ 1
e (25 B, (14)
0L 2

which in turn holds if and only if A > Ag for some threshold Ag > 1 that decreases in

p and increases in g—H.
L

In part (a) of Proposition 3, the optimal quality ¢, increasing with A should be expected
from the participation effect. The behavior of g is related to the fact that B(p, A) increases
with A if and only if p > 1: That is, a higher A means the adverse (favorable) screening
effect if p > % (p < %)

Part (b) states the condition under which pooling dominates screening. The inequality

(14) holds when the participation effect, measured by 25! (see (9) above), is large and/or
when the screening effect works against the profitability of screening as B(p, \) gets large.
There are a couple of noteworthy observations here. First, with sufficiently large A, the
dominance of pooling over screening remains even when p < % such that the screening effect
works favorably for the screening seller. This is because the participation effect dominates
the screening effect, namely, % increases with A faster than B(p, \) decreases. Second, the
threshold, Ag <p, Z—f), is decreasing in p, and this implies that screening is less attractive
relative to pooling when the low-type consumers are more abundant. This follows from the
fact that a higher (ex ante) likelihood of 6 generates a greater deviation incentive for the

high type via the gain-loss utility (0B(p, \)/dp > 0).

3.3.3 Reverse-Screening Menu

Let us consider next a reverse-screening menu R = {r; = (qz,t.),rg = (qu,tg)} € M-
such that ¢, > qm and t; > tg, satisfying the (I/C) and (IR) constraints. The reverse-
screening menu is a useful device to exploit the aforementioned participation effect by giving
a higher quality to the low type. Giving a higher quality to the low type, however, may

create a deviation incentive for the high type. This incentive can be curbed should the high
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type suffer a sufficient loss from a higher deviation price. How this loss is affected by the
parameters in our model will determine when the reverse-screening menu is optimal.
We first provide a couple of necessary conditions for reverse-screening menu to be feasible

or optimal.

Lemma 2. (a) A reverse-screening menu can be a TPE only if
— < — (15)

(b) Any optimal reverse-screening menu must satisfy Ogv(qy) > 0rv(qr).

Part (a) states that loss aversion must be high enough to sustain a reverse-screening
menu as a TPE. According to part (b), the seller does not want to reverse the qualities to
the extent that the utility from quality consumption is reversed.

We now compare reverse-screening and pooling menus.

Proposition 4. Any reverse-screening menu is dominated by the optimal pooling menu if
and only if
G_H S Il+p+(1—p)A

1
oy TR R PR (16)

which in turn holds if and only if X < Ag for some threshold Ag that increases in p and Z—’z.

Thus, if A is large enough to violate (16), reverse-screening in fact dominates pooling.
This arises due to the participation effect that makes the increase in g, rather than gy, more
effective in extracting surplus. Since the high-type consumer derives a higher level of utility
from any given contract and therefore cares less about an improvement in quality than the
low-type consumer, the attractiveness of exploiting the high type’s higher marginal intrinsic
utility can be outweighed by the participation effect when the consumer is significantly loss
averse.

Condition (16) shows that pooling tends to dominate reverse-screening as p gets larger.
The logic is similar to that behind part (b) of Proposition 3: a higher p makes it more
tempting for the high type to deviate. When the realization of the low type has been
anticipated to be more likely, under screening, the high type experiences a greater loss
from sticking to ry that involves a higher payment while, under reverse-screening, the same

consumer finds it less costly to deviate to rp,.
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3.3.4 Optimal Menu

We are now ready to characterize the menu that maximizes the expected profit among all
TPE menus.

Theorem 1. There exists some p € (0,1) such that A\s < Ag if and only if p > p. Then, the

optimal menu that solves [P is
(a) a pooling menu if p > p and \ € [Ag, \g];
(b) a screening menu if A < min{Ag, Ag};
(¢) a reverse-screening menu if A > max{Ar, As};

(d) either screening or reverse-screening menu if p < p and A € [Ag, As).
Proof. First, it is straightforward to see that

. 20y )
fmAs =00 > 5= — 1 =lmAx

]
lim Ag = 24/ —= — 1 < oo = lim Ag.
p—>1 QL p—)l

Thus, by the mean value theorem and the monotonicity of Ag¢ and Ag, we can find p € (0,1)
such that Ag > Ag if and only if p > p. Then, parts (a) to (d) of the claim immediately

follow from combining part (b) of Proposition 3 and Proposition 4. n

Pooling is optimal if there is enough mass of low types and the consumer is sufficiently,
but not too, loss averse. Otherwise, a screening or reverse-screening menu is optimal. In
the latter case, there is a region of parameters, as shown in part (d), in which we have not
been able to fully sort between screening and reverse-screening menus, but in most cases we
expect the screening (reverse-screening) menu to be optimal if A is low (high).

The central message of Theorem 1 is the optimality of pooling. Although reverse screening
can be optimal with sufficiently large degree of loss aversion, we later show that this is not
robust in a model with a continuum of buyer types (Theorem 3, part (c)). Also, even in the
binary-type case, the reverse-screening menu can only be optimal with a very large degree
of loss aversion, as demonstrated in Example 1 below.

The following example illustrates how the optimal menu varies with the parameter values.
Here, pooling is optimal for a wide range of parameter values, while reverse screening requires

A to be larger than 2.1

0Estimates of loss aversion have been obtained in a variety of contexts, ranging from 1.3 to 2.7; see
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Example 1. Suppose that Z—}L’ = 1.5. Figure 1 divides the space of (\,p) into four regions

according to Theorem 1 and illustrates the type of optimal menu in each region.

lp

(a) pooling

"« S

0 \ \ \ \ by
1 1.5 2 2.5 3 3.5 4

Figure 1: Optimal TPE menu

It can be shown, though only numerically, that in the region (d), there is a threshold value of
A for each p below (above) which the screening (reverse-screening) menu is optimal. Below
dotted line, the optimal screening menu entails exclusion of the buyer with low willingness

to pay (see (12) above).'!

Notice in the above example that, at low values of p, loss aversion actually generates
a benefit from serving also the low type buyer who would otherwise be excluded by the
profit-maximizing seller. This is due to the participation effect that enables the firm to sell

a higher quality-price bundle to the low type than in the model without loss aversion.'?

Camerer (2006). However, these estimates do not translate directly to values of A in our setup since they
are measured only in terms of money.

Tn the optimal reverse-screening menu, however, neither type is excluded. To see this, note that by
definition of reverse screening, q;, > g, and also that by Lemma 2(b), ¢, > 0 implies gy > 0.

12This observation demonstrates an important distinction between our theory and an alternative expla-
nation of coarse price discrimination based on fixed menu costs. In contrast to our predictions, when p is
low, menu cost would have no bite since the seller would serve only the high type customers even without it.
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4 Optimal TPPE Menu

4.1 The Seller’s Problem

Let us next consider a consumer who is capable of choosing the best PE from a given menu
of bundles. We restrict attention to TPPE menus, i.e. TPE menus that generate the highest
ex ante utility to the consumer among all corresponding PEs.

Given any TPE menu R = {by, by} € M, let
C(R) :={R ={b,,by} # R|b, =0,b, or by for eachi =L, H},

that is, the set of all menus other than R that can arise from each of the two types choosing
a bundle contained in R. In order for a TPE menu R = {b.,by} to be a TPPE, it must
be that for every alternative consumption plan R’ € C'(R), either R’ fails to be a PE or the
buyer’s ex ante payoff from R’ does not exceed that from R. This requirement will be met

if and only if R and R’ satisfy at least one of the five inequalities below:

u(b 0L, R') < u(bldy, R for b e R\ {V,} (FICY)
u(by |0z, R) < u(0|0, R') (FIR.)
u(by0u, R') < u(bl0y, R') for b e R\ {by} (FICq)
u(by|0m, R)) < u(0|0x, R) (FIRy)

U(R') <U(R). (U)

Fixing a consumption plan R, the first four inequalities above represent violations of the
four (IC) and (IR) conditions, respectively, for an alternative plan R’ to constitute itself
a PE. These inequalities will be referred to as the (FIC) and (FIR) conditions. The last
inequality means that the buyer’s ex ante payoff from R’ does not exceed that from R. We
say that R € M satisfies the PPE requirement with respect to R’ if at least one of the above
five inequalities is satisfied.

A TPE menu R € M is a TPPE if and only if it satisfies the PPE requirement with
respect to R for every R = C(R). Let M¢ denote the set of all such menus. Then, the
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seller’s corresponding optimization program is given as follows:"*

max tr — ¢ + (1 =)ty —c . Pe
{(mL),(qH,tH)}eMep(L qr) + (1 = p)(ty — cqn) [P]

4.2 Results

We begin our analysis of optimal TPPE menu by exploring a necessary condition for a
screening menu to be a TPPE. Suppose that the firm offers R = {by, by} such that b, # by
intended to screen the high-type consumer. The problem is that the consumer may instead
form, or deviate to, an alternative consumption plan from the offered bundles. In particular,
choosing a constant bundle poses a potential benefit in terms of gain-loss utilities. Our first
result provides the conditions for a screening menu to satisfy the PPE requirement with

respect to the pooling menus. To state the result, define

A+1 : A+2 I_p(A-1) . 1
5 lf P < = 1f D S .

Oé(p, )\) — 12(1 . A3 and ﬁ(p, )\) — 1+p(A—1) A3 (17>
+1-p)A=1) A+2 2 - 1
1_(1_2)()\_1) lfp Z )\—13 /\_-i-l lfp > m

Lemma 3. Fiz any screening menu R = {br,by}. Then, we obtain the following:

(a) R satisfies the PPE requirement with respect to R := {b"} if and only if

tg —t
ML Ora(p, ) (with the inequality being strict if p < :\\—Ig ; (18)
Vg — VL

(b) R satisfies the PPE requirement with respect to RY := {bL'} if and only if

tg—t
—UZ — ULL < O0uB(p,\) (with the inequality being strict if p > /\+r3) (19)

Furthermore, conditions (18) and (19) imply that R is a TPE.

Part (a) is derived from the following considerations. If by was so expensive relative to
by, as to satisfy (18), the consumer would not deviate to R (under which he would always
consume b)) for one of two reasons: either the low type prefers by, to by so that R cannot

be a PE, or the expected transfer from R is sufficiently higher than that from R such that

13The fact that the (FIC) and (FIR) conditions are strict inequalities implies that the set of TPPE
menus is not closed and hence not compact. This may cause non-existence of the optimal menu. To avoid
this problem, we allow the (FIC) and (FIR) conditions to be satisfied as equality, in which case the optimum
can only be attained approximately.

19



R overall yields a lower ex ante payoff than R. Part (b) and condition (19) are derived
similarly by considering R”. These two conditions also turn out to ensure that the screening
menu R is itself a TPE, greatly facilitating our characterization below.

It follows from (18) and (19) that a screening TPPE menu exists only if the RHS of (19)
is smaller than the RHS of (18), which delivers the necessary condition for the existence of
a screening TPPE menu. We next show that this condition is also sufficient and holds if A
is not too large. A reverse-screening TPPE menu can exist only if A is sufficiently large. In

contrast, one can always find a pooling TPPE menu that yields a positive profit.

Proposition 5. Define Ag € (1,00) such that 0po (p,Xs) = 0yp (p,XS). Also, define

Ag := max {W, 1+ %} > \g. We obtain the following:

(a) There exists a screening TPPE menu if and only if A < Ag. Also, there exist p and p
with 0 < p <P <1 such that, as p increases, As is (continuously) decreasing for p < p,

constant for p € [p,p], and increasing for p > p.
(b) There exists a reverse-screening TPPE menu only if A > Ag.

(c) There always exists a pooling TPPE menu that yields a positive profit.

An immediate implication from Proposition 5 is that only pooling menus can be sustained
as TPPE if the loss aversion parameter is in the range [Ag, Ag). Furthermore, part (a) shows
that screening is feasible under a smallest range on A when p takes an intermediate value:
As is minimized when p € [p, p].

To gain some intuition, note first that the gain-loss utilities are generated by the difference
between the actual realized type and the expectation. Therefore, they occur more often when
the type distribution has a greater variance, which, in the case of binary types, is true when
p is closer to a half. In contrast to the PE analysis earlier, we are now concerned with the
consumer’s ex ante payoff comparisons across multiple PEs: a greater variance in the type
distribution makes the contingent consumption plan less attractive ex ante.

It remains to show the shape of profit-maximizing TPPE menu. It turns out that a
screening menu is optimal whenever it can be supported as a TPPE. We state our next

theorem.

Theorem 2. The optimal menu that solves [P¢] is

(a) a pooling menu if X € [\g, Ar);
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(b) a screening menu if A < \g, and the optimal qr, and qg solve

c  Oralp,A)  Ou(1—p)B(p,N\)

Vi)  p p (20)
= OB ), @1

Our proof of part (b) consists of two steps. First, we take a screening menu and solve a
relaxed problem by imposing the PPE requirement only for a subset of deviations, RY, R,
and R = {(), H}. As shown in Lemma 3, the deviations to R* and R¥ can be deterred
by invoking (18) and (19). In order to deter the deviation to R?, the transfer for the low
type, tr, should not be too large since otherwise the buyer would find it better off ex ante
to choose R ie. (U) is violated. This imposes another upper bound on ¢ in addition
to the bound imposed by (/Ry) as part of the TPE conditions. These two bounds can be
written together as t;, < 0pa(p, A) (where a(p, A) is as defined in (17)). This constraint and
(19) must be binding at the optimum of the relaxed problem, which leads to the first-order
conditions given in (20) and (21). The second step of the proof then shows that the optimal
menu for the relaxed problem satisfies all other PPE requirements.

We have not derived a boundary beyond which reverse-screening begins to dominate
pooling, which can still be optimal when A > Ag.'"* Nonetheless, Theorem 2 demonstrates
that the additional insurance motive captured by the PPE requirement favors pooling for a
wide range of parameter values. We offer a numerical illustration in Figure 2. To highlight
the contrast with the TPE results earlier, we set Z—f = 1.5 as in Example 1 and plot A\g and

Ar together with Ag and Ap appearing in Figure 1.

Remark 1. Notice the shaded region at the top left of Figure 2 where optimal TPE menu
is pooling but screening is the optimal strategy under TPPE. The introduction of PPE
requirements reduces profitability of both types of menu. For instance, optimal pooling
TPE menu may entail an alternative PE in which the buyer never makes a purchase.'”
When the likelihood of low type is large, the PPE requirements make a greater impact on

pooling than on screening.

Remark 2. As previously mentioned, the revelation principle may fail under PPE, and hence,

our restriction to direct menus is not without loss of generality. In Section S.3 of the Supple-

14See Section S.2 in the Supplementary Material for a numerical example of optimal reverse-screening
under TPPE.

15Tt is straightforward to show that the optimal pooling or reverse-screening menu characterized in The-
orem 1 always involves ex ante loss.
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Figure 2: Optimal TPPE menu

mentary Material, we find the possibility of a PPE menu that yields a higher expected profit
for the seller than the optimal TPPE menu. Specifically, for some parameter values under
which the optimal TPPE menu is pooling, the seller can improve profit by raising the price
of the existing bundle in the optimal menu and by adding a redundant bundle with lower
payment. The latter bundle is purchased by neither type in equilibrium, but is necessary
to support the modified bundle to form a PPE: without it, another PE would arise to give
a higher ex ante utility to the buyer.' Note that the PPE in this indirect menu remains
pooling by both types on a single bundle. Redundant bundles may also be used to increase
profitability of other types of (screening or reverse-screening) menus. But, it is unclear how

the comparison of their (optimal) profits will be affected by such possibilities.

16In particular, the redundant bundle is used to eliminate the PE in which both types choose the null
bundle.
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5 Extensions

5.1 A Continuum of Consumer Types

In this section, we explore the scope of our findings beyond binary consumer types by con-
sidering a continuum type case. Section 5.4 of the Supplementary Material offers a detailed
analysis, including formal proofs and numerical examples of the main results.

Suppose that 6 € [0,0] with a cdf F, which has a strictly positive and continuously

differentiable pdf f. Define the “virtual value” function as

1-F())

J(0):=0 TORE

and assume that it is strictly increasing. Without loss aversion, this assumption leads to full
separation of type

Let (¢,t) : [0,0] — R, x R denote a menu offered by the seller. For simplicity, we assume
that ¢(-) and ¢(-) are continuous.'” We restrict attention to two classes of monotone menus:
(i) both ¢(+) and ¢(-) are non-decreasing; and (ii) both ¢(#) and () are non-increasing while
Ov(0) is non-decreasing. With some abuse of terminology, we refer to the former class of
menus as screening menus and the latter as as reverse-screening menus.

We focus on TPE menus that satisfy the (/C') and (/R) constraints. Given a feasible
TPE menu, let U(#';0) denote the payoff of type 6 reporting 6" and let U(6) := U(6;6).

Then, the (IC') constraint can be written as

U(h) = U6 6).v0 22
()9{2%(,),, (22)

while the (I R) constraint as

U) > /0 (t(s) — Asv(q(s)))dF(s), V0. (23)

Taking the first-order condition from (22), we obtain

0(v(q(0)) (1 + F(0) + A(1 — F(6)))
1+ (1= F(0)) + \F(9)

t'(0) = = (v(q(0)))'G(6, 1), (24)

171f the optimal schedule involves some jump(s), then it will manifest itself as a boundary solution of the
optimization program since any such schedule can be approximated by a sequence of continuous schedules.
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where

and H(p, \) = 1+ (1—F(9))+ AF(0)

G(6,)) := T FO) + M1 —F(8)

H(p, \)

Note that H(p, ) is the continuum type counterpart of B(p, \) in (11). It affects the rate
at which the payment increases as the consumer’s type, and thus its corresponding quality,
marginally increases. Without reference-dependent utility, the rate of increase is proportional
to G(0,1) = 0; this should be adjusted using H(p, A) in the presence of reference-dependent
utility. We refer to G(0, \) as the “gain-loss adjusted type,” whose behavior is crucial for
determining the optimal quality schedule. Note that G(6,\) > 6 if § < F~1 (%) (and
GO\ <0ifd>F! (%)), so the gain-loss adjusted type is leveled out. Moreover, H (6, \)
increases in 6 and does so faster with higher A, which may cause G(6, \) = % to decrease.

The following assumption is sufficient to guarantee global incentive compatibility of the

menu satisfying (24).
Assumption 1. §(1 + F(6) + A(1 — F(9))) is non-decreasing in 6.
We next present our results in this section.

Theorem 3. Consider the case of a continuum of consumer types, and restrict attention to

monotone menus. The optimal TPE menu has the following properties:

242)—3 1
304D 070

(a) Suppose that Assumption 1 holds and Then, pooling occurs around

the highest type 0.
(b) Suppose that @ > 0, 0f(0) > F(0) V0, and f'(0) < 0V60. Then, there exists some X > 1

such that, for any X\ > X, pooling occurs over the entire interval [0, 0].

(c) Any reverse-screening menu is dominated by a pooling menu.

The inequality condition in part (a) above is equivalent to requiring that Gy(0,\) < 0,
i.e. the gain-loss adjusted type decreases with the original type around the top. Without
having to concern with information rent at the top, this means that the gain-loss adjusted
virtual value also decreases, leading to pooling at the top. Note that the inequality in (a)
never holds if A = 1.

Part (b) gives a set of conditions sufficient for full pooling to be optimal. The first

condition, # > 0, prevents the optimal menu from excluding the bottom type, as required
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by a full pooling menu. To understand the second condition, let us first note

1—F(0
Alg{)lo GO, = 6W§).

Thus, for sufficiently high \, the gain-loss adjusted type decreases going from 6 to # while
it may not in-between. Then, the condition that 0f(0) > F(0) V6 ensures that this expres-
sion monotonically decreases over the entire interval so that Gy(f, \) is always negative for
sufficiently high A. The last condition, f'(f) < 0, ensures (along with the second condition)
that Ggg(0) < 0 for sufficiently high A\, which means worsening of the information rent prob-
lem due to loss aversion. Note that this condition is consistent with the observation in the
previous binary type analysis that the screening effect adversely affects the profitability of a
screening menu when the low type is abundant.

Part (c) shows that, in contrast to the binary type case, the reverse-screening menu can no
longer be optimal with continuously many types. Recall that we consider reverse-screening
menus whose quality/transfer schedule is non-increasing. Thus, the class of menus that are
dominated by pooling menu here includes any menu in which the quality/transfer schedule
is strictly decreasing over some local interval of types while being constant elsewhere. To
understand this result, recall that a key feature of optimal reverse-screening with binary
types was the participation effect: for the low willingness-to-pay consumer, the participation
constraint must be binding at the optimum and therefore the additional loss arising from
non-participation allows the firm to extract a greater payment from this type by offering a
higher quality product (see (9)). With a continuum of types, this effect no longer applies. The
participation constraint similarly binds for the lowest type but the corresponding revenue
impact is only marginal. On the other hand, just as in the binary case, the incentive

compatibility requirement works against the profitability of reverse-screening menus.

Remark 3. Our derivation of optimal menu is based on the restriction to monotone menus.
Therefore, Theorem 3 implies the following: when the conditions stipulated in part (a)
or (b) are met, the optimal TPE menu involves either pooling, or else, strict violation
of monotonicity (“local reverse-screening”). Neither contractual form is predicted by the

standard model with increasing virtual value.
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5.2 Ex Ante Participation

The optimal menus described in our analysis above have the feature that the buyer’s ex
ante expected utility (including anticipated gain-loss) often falls below zero. This can be
problematic for the seller if the consumer can calculate the ex ante loss and find some
commitment device to stay away from the menu altogether. In our previous working paper
(2012), we showed that introducing an additional ex ante participation constraint to the
analysis (requiring the buyer’s ex ante expected utility to be non-negative) does not alter
our central message. In fact, the loss averse consumer’s ex ante insurance motives can induce
the profit-maximizing firm to offer pooling menus under a wider range of parameters.

The same conclusion also holds in an alternative model of ex ante contracting where the
buyer’s participation decision is made before his type is realized. That is, the buyer, when
deciding whether to accept the menu offered by the seller, is uncertain about his willingness
to pay. Analyzing the optimal PPE menu in this alternative model reveals that the pooling
menu is optimal for a larger set of parameters under the ex ante participation constraint
than under the ex post one. Again, the buyer’s insurance motives reinforce the benefits of
pooling.'® These additional results demonstrate that the optimality of pooling is a general
phenomenon with loss averse consumers, valid under different decision-making scenarios and

timelines.

5.3 Alternative Consumption Preference

Our main analysis above considered the case where consumer preferences are vertically dif-
ferentiated for quality. We next examine an alternative utility structure where two types of
consumers have the standard Hotelling preferences over horizontally differentiated goods. A

type-6 consumer’s intrinsic utility is given by
m(b;0) :=35— (0 — q)* —t

for a bundle b = (g, t), where ¢ € [0, 1] denotes the product position. We assume that 6 takes
binary values, 8, = 0 and #y = 1 with probabilities p and 1 — p, respectively. Note that

0 denotes each type’s bliss point. We assume the same constant marginal production cost

18This ex ante participation model is fully analyzed in a separate work, which can be provided upon
request. Herweg and Mierendorff (2013) study an alternative ex ante participation model of price discrimi-
nation.
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for any product, which is normalized to zero, and also assume that s > 1, which guarantees
that both types of consumers gain a positive gross surplus for any ¢ € [0, 1].

It can be easily shown that without gain-loss utilities the seller would maximize profits
by offering the screening menu R™ = {b., by} = {(0,3), (1,5)} with maximal differentiation,
and he fully extracts consumer surplus. Note that with b, = (0,5) and by = (1,35) the
incentive constraints are non-binding for both types and the seller optimally sets the prices
at which the two participation constraints are binding.

In Section S.5 of the Supplementary Material, we show that, with horizontally differ-
entiated preferences, reference-dependence and loss aversion do not limit the benefits of
screening. The optimal TPE menu is similar to R™ with maximal product differentiation
and equal to {by, by} = {(0, @E) , (1, @5)} for all values of p and A\. We also show
that in this alternative model a screening PPE menu exists for all p and A unlike in the
vertical differentiation model where a screening PPE menu fails to exist with sufficiently
large A\. With the symmetric Hotelling preferences, consumers do not actually experience

any gain or loss from choosing their targeted bundles since the reference points of the two

types are essentially identical.

5.4 Alternative Reference Point

An important motivation for adopting the KR model of reference-dependent preferences
arose from recognizing the role of expectations. While in the KR model the reference point
is stochastic and equals the distribution of expected outcomes, the models of disappoint-
ment aversion (Bell (1985), Loomes and Sugden (1986)) formulate the reference point as the
expected utility certainty equivalent of a gamble. A similar approach in our price discrim-
ination setup would be to take the expected utility of the contingent bundles as reference
point. '

Formally, with binary types and menu {by, by}, consider type-0 buyer’s gain-loss utility
from bundle b = (¢, t) to be

pl0v(q) — (prv(qr) + (1 — p)0rv(qn))] + p(ptr + (1 — p)tu) — 1], (25)

where p is the loss aversion indicator function as defined in (1).

90rhun (2009) considers a similar model. De Meza and Webb (2007) apply the disappointment aversion
model to an incentive provision setup.
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In Section 5.6 of the Supplementary Material, we solve for the optimal menu under this
alternative specification of reference-dependent preferences. It turns out that this analysis is
very close to that of optimal TPE menus in Section 3. Whenever a pooling menu maximizes

the firm’s profit under TPE, it does so here as well.

6 Conclusion

We often find sellers offering menus with just a small number of bundles. This paper demon-
strates that such observations are consistent with profit-maximizing firms that face loss
averse consumers. We show that, in the binary-type case, a pooling menu is the seller’s op-
timal menu under a range of loss aversion parameter if the low willingness-to-pay consumers
are sufficiently abundant. This result arises as a consequence of the interplay between loss
aversion and asymmetric information. The benefits from screening with multiple bundles
become even more restricted when the consumer is capable of choosing the personal equi-
librium that generates the highest ex ante payoff. We also identify conditions under which
partial or even full pooling dominates screening for the seller facing a continuum of consumer
types.

Our theory offers potential explanations for why some sellers fail to fully materialize the
benefits from further price discrimination in industries that seem to have low fixed costs
of adding another product variant. For example, seats in existing entertainment venues
provide different views and the cost of offering multiple seating categories is essentially zero.
But, the practice of price discrimination in this industry, sometimes known as “scaling the
house,” displays wide variations both within and across markets as well as across time (see
the survey of Courty (2000)). In particular, many ticket sellers indeed choose to offer uniform
pricing or very few seating categories.?’ In a study of another industry with potentially low
fixed product costs, Crawford and Shum (2007) report that 70% of over 1000 US cable TV
providers in their sample year of 1995 offered a single package of channels only and estimate

substantial unrealized returns from price discrimination.?!

20Leslie (2004) investigates the revenue impact of price discrimination at a single Broadway play and
observes that almost 75% of the performances offered just two seating categories with the remainder offering
three. In a large panel dataset on US pop music concerts analyzed by Courty and Pagliero (2012a,b), two
categories were used by more than half of the sample and another quarter came with single price ticketing.
Uniformly priced seats are usually allocated on the first-come-first-served basis, and hence, the customers
can be thought of as facing a single, random seat quality.

21The analysis of Crawford and Shum (2007) was based on data from 1995. While the US cable TV
industry continues to be local monopolies to this date, the overall market landscape has changed substan-
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Consistent with our prediction that price discrimination would be more likely under
certain market conditions, in contrast to pop concerts, high-brow entertainment events, such
as classical concerts, usually offer many seating categories (e.g. Huntington (1993)); in their
cross-section study of cable TV providers, Crawford and Shum (2007) report evidence that
markets offering more cable packages tend to be “populated by households with greater
tastes for cable service quality (p.201, Crawford and Shum (2007)).” Our results can also
shed light on observed pricing practices in other industries. For example, buses and motels
usually offer a single type of seats and rooms, and this contrasts with the standard features
of trains and hotels that frequently serve upscale travelers.

While we take the uncertainty to affect willingness to pay directly, variations in willingness
to pay may arise from other sources, for example, income shocks. In such a case, however,
the buyer should also realize gain-loss utility in that uncertain monetary dimension. Also,
our model suggests that reverse-screening can be optimal if the consumer is significantly loss
averse (at least with only few consumer types), but this is difficult to justify in practice.
Measuring the degree of consumer loss aversion in price discrimination settings with utilities

derived from quality consumption as well as money may shed insights into this dichotomy.

tially. First, cable TV providers now face significant competition from digital satellite providers. Second,
the products offered by cabe TV providers have widened horizontally in the advent of new technologies
such as internet, recording and on-demand services. Nonetheless, the average number of purely vertically
differentiated cable TV packages currently on offer are still very few.
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APPENDIX

A Omitted Proofs from Section 3

In the proofs throughout the Appendix, we simplify notation by letting vy, := v(qy) and

vy = v(qg), and refer to their derivatives as v} and v;, respectively.

Proof of Lemma 1: The proof consists of two claims.
Claim 1. If the optimal menu satisfies Ogvy > Orvy, then it must be that ty > t.

Proof. Suppose to the contrary that ¢, > tg. Clearly, we must have both (I R) constraints
binding or

u(®|9H, R) = U(T’L|0L, R) = QLUL — tL — (1 — p))\[HHUH — QLUL + tL — tH] (Al)
U((Z)WL, R) = U(’I“H|9H, R) = QHUH - tH +p[9HUH — QLUL + tL — tH} (AQ)

Since u(0|0g, R) = u(0|0L, R), equating (A1) and (A2) yields
[1 —I—p + (1 — p))\](tL — tH) = [1 +p + (1 — p))\](GLvL — QHUH),

which is a contradiction since t;, —tyg > 0 but 0rv;, — Ogvyg < 0. O
Claim 2. [t is never optimal to offer a menu with 6rv(qr) > 0pv(qn).

Proof. Suppose that 0,v(qr) > 0gv(gy). A similar argument to that in the proof of Claim
1 can be used to show t; > ty. Then, re-write (/R) constraints as

A+1 Orvr — Ogvg

tH S 0H VH and tL S tH + B(p, )\)

Since both constraints must clearly be binding, we can substitute these into the objective

function and take the first-order conditions (FOCs) as follows:

< _ and & = [(AFDB®.A) — 2p] 0y
v, B(p,A) Uy 2(1=p)B(p,A)

This, however, yields a contradiction since

¢ ¢ (A+1)BPN0s —2[pbn + (1 = p)0L] >

[(A+1)B(p,\) — 2|6y
A, 21— ) BN =0

2(l=p)B(p,A)  —
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where the last inequality holds since (A + 1)B(p,A\) > (A +1)B(0,\) = 2,VA, p. O

Proof of Proposition 3. Consider maximizing profit under the (/C') and (I R) constraints
and under the quality constraint, qg — qr, > 0. We show the following: When the quality
constraint is not binding, the optimal qualities must be given by (12) and (13), and the
quality constraint is binding if (14) holds.

First, one can easily check that (I Ry) is implied by (I Ry) and (ICy) since

w(rg|0m, R) > w(rp|0m, R) > u(rp|0r, R) > w(|0r, R) = u(0|0x, R), (A3)

where the second inequality holds since if two types choose the same bundle, ry, then 0y
is better off in terms of both intrinsic and gain-loss utilities. Next, after rearrangement, we

can write (I Ry) and (IC') constraints respectively as

A1
ZfLS(gL i vr, (A4)

QL < tg —tr, < GH

B(p7>\)\_’/UH_UL ~~ B(pv)\)’
(ICL) (ICH)

where B(p,\) = % as defined in (4).”* By the usual argument, (IRy) and (ICf)

must be binding.
Using the two binding constraints, we obtain (9) and (11) for ¢ and ¢y, respectively.

Substituting these into the objective function, the seller’s problem becomes

max p(ty —cqr) + (1 —p)(ty — cqn)

{ar.q9m}
A+
2

HH('UH - UL)
B(p, )

Orvr + (1 —p) — peqr, — (1 — p)equ,

subject to gy > qr. Ignoring the quality constraint for the moment, the FOCs with respect
to gz and ¢g yield (12) and (13). One can then check that the RHS of (13) is no larger than
that of (12) if and only if the inequality (14) holds, which means that the quality constraint
is binding in such a case.

To obtain the comparative statics for qr, qg, and \g, let us first observe the following
facts: (i) B(p, A) increases with A > 1 if and only if p > %; (ii) B(p,\) increases with p if
A > 1; and (iii) (A+1)B(p, A) increases from 1 to infinity as A increases starting from A = 1.

22The full expression of these constraints are given in Section S.1 of the Supplementary Material.
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The comparative statics for gy directly follows from (i) and the fact that v,—‘z) is increasing.

As for the comparative statics regarding ¢, rewrite the maximand in (12) as

O — [2(1 — p)0u] /(A +1)B(p,M)]
2p/ (A + 1) ’

whose numerator increases in A by (iii), while its denominator decreases. So the optimal ¢y,

if not 0, must increase. The existence and properties of \g follow from (ii) and (iii). O

Before proving Lemma 2 and Proposition 4, we write here the (IC) and (I R) constraints
for the reverse-screening menu, whose forms differ depending on whether 8 v, > 6yvy or
QLUL S 9[{1)]{.23

In case O v, > Oyvy, the constraints (ICy), (ICL), (IRy), and (IRy) are respectively

given as
(14 (1 —p)+pNOg(vp —vg) — p(A—1)(0x — O01)vg,
L=ty 2 L+p+(1-pA (A6)
[1 + (1 —p) —i—p)\]@L(vL — UH) + (1 —p)()\ - 1)(91{ — HL)UH
L+p+(1—pA =te—tn (A7)
O\ + Doy > 2ty (A8)
1+ (1 —p)+pNlro,+ (1 —p)A—1Db0gvyg > [1+p+ (1 —pAltr — (1 —p)(A— 1)ty
(A9)

while in case v, < 6gyvy, they are given as

A10
All

L4+p+ 1 =pA(tL —ta) > 20u(ve — vg) (A10)

A+ 1D)0p(vp —vg) > [T+ p+ (1 —p)N(tL —ty) (A11)
1+p+ (1—pANbgvyg +p\—1)0vp > 2ty (A12)
A+ Dbpvp > 4+p+ (1 —pAtr — (1 —p)(\ = Dtg. (A13)

Proof of Lemma 2: To prove (a), let us consider both cases of reverse-screening menu.
In case Orv, < Ogvy, the LHS of (All) being greater than the RHS of (A10) yields (15)

after rearrangement. In case 0,v; > 6gvy, combining (A7) and (A6) yields

(A + Doy — 20, > 0, (Al4)

23For the full expressions, see Section S.1 of the Supplementary Material.
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which implies % > ;’—g > Z_IZ'

To prove (b), consider maximizing profit under the constraints (A6) to (A9) and the
constraint that O vy, —Oyvg > 0. It suffices to show that the last constraint must be binding.
First, the same inequalities as in (A3) can be used to show that (A8) is implied by (AG6)
and (A9). Next, to identify the binding constraints, we depict as a shaded area in Figure 3
below the set of (¢1,ty)’s satisfying (A6), (A7), and (A9) for any given ¢;, and gg. Clearly,

(ICy) and (IRy), i.e. (A6) and (A9), must be binding.*!

t
i IRy, binding: slope={Z50-0 > 1

1C'y binding: slope=1

I1Ct, binding: slope =1

seller’s iso-profit line

where pty, + (1 — p)ty =constant

‘tL

Figure 3: Set of feasible (t;,1y) for reverse screening menu with ¢;, and gy given

Combining the two binding constraints, we obtain

—(/\ + 1>9HUH - 2(9}] - QL)UL (A15>

[1 + (1 —p) +p)\]9H(UL - UH) —p()\ - 1)(9[{ — QL)UL
L+p+ (1 —=pA

tu(qrn, qu) =

tr(qr, qu) = +tu(qr, qu). (A16)

Note that given (A6) is binding, (A7) is satisfied if and only if (A14) is satisfied so we
can replace (A7) by (Al4). Now, using (Al4) and 6 v, — Ogvy > 0 as constraints, the

Lagrangian for the maximization problem can be written as

L(qr,qm, p,m) = p(te(qr, qu) — cqr) + (1 —p)(tu(qr, qu) — cqu)
-+ 1% [()\ + 1)1)[-[ — 2UL] + T](GLUL — QHUH) (Al?)

24 A formal proof is a straightforward translation of graphical illustration and is thus omitted.

33



where 1 and 7 are nonnegative multipliers. Suppose that 8,v;, —0gvy > 0 is not binding so

n = 0. Substituting (A15) and (A16) into (A17), the FOCs are given by

c 2u Q+p—p*+Q-p+p)N0,— (1 —p)(A+1)by

— 4 E = U A18
v P pll+p+(1—p)A - (A18)
A+1) [1—=2p+2(1+pA+ A0
;_u(+):[ p+2(1+p)A+ ]H::\IIH. (A19)
vy 1—p 21 +p+ (1 —p)A

One can verify that Wy > W;. Given this, and p > 0, (A18) and (A19) require gy > qr,

which is a contradiction. ]

Proof of Proposition 4: By Lemma 2, we focus on the case 0gvyg — vy, > 0. Consider
maximizing profit under the constraints (A10) to (A13), and Ogvy — Ov, > 0, also subject
to qr. > qu. We show that g, = gy if (16) holds.

Fist, we can ignore (A12) since it is implied by (A10) and (A13) for the same reason as in
(A3). To identify the binding constraints, with ¢;, and ¢ fixed, we depict the set of (t1,txq)
satisfying the constraints, (A10), (A11), and (A13), to obtain the same graph as Figure 3.
From this, it is immediate that (A13) and (A10) are binding, which gives us

tu(qr, qu) = % — O (vp —vm)
. ()\+1)9LUL (1—]))()\— 1)
telac,qn) = ————— —0uy s _p))\(UL — vn).

Ignoring the constraint q;, > gy for the moment, we set up the Lagrangian

L(qr,qm,11) = p(tr(qn, qu) — cqr) + (1 — p)(tu(qr, qu) — cqn)
+ ,u(()\ + 1)1}[{ — 2UL) + 77<0H'UH — QL’UL),

whose FOCs are

¢ 2utnf  [Lp+ (L= pNA+ DO — 20— p)(A + 1)

v'(qr) p - o[l +p+ (1 —p)A] =V, (A20)
c  pA+D4ns A+ =
VT 1op Ciiprdogpa (A21)

One can check that Uy > U if (16) holds, which implies that given p,n > 0, (A20) and
(A21) can only be satisfied when ¢y > qr. Thus, ¢, = gy if (16) holds.
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Now rewrite (16) as

1 20y
A —(——-(1 =: Ap.
_1—p<9L (—l—p)) R

It is straightforward to check that Ar increases with both p and g—IL{. This completes the
proof of Proposition 4. O

B Omitted Proofs from Section 4

Proof of Lemma 3. Part (a): Consider any screening menu R and a deviation R’ = R¥
for which (FICy), (FIRL), (FICy), (FIRy), and (U) can be written as

ty —tr, S HL)\ +1 (A22)
Vg — U, 2
A+1

ty > 0p —2{_ Vg (A23)

ty —t 14+p+(1—=pA A—1) /0 —0
il L > HH P ( p) + p< ) ( LUn HUL) ]l{QLUH—QHULZO} (A24)
Vg — UL 2 2 Vg — Vr,
1

t > 5 (0 (L+p+ (1 =p)A) +p(A = 1)) vn (A25)

L/ B et LG S Y (A26)

Vg — Vg, 1—(1—]9)()\—1)

Note first that (A24) contradicts (ICy) in (A5) since the RHS of (A24) is greater than B?;I/\).

It is straightforward to check that the RHS of (A25) is greater than the RHS of (A23), so

A25) implies (A23). Also, subtracting the (I R;) constraint, t; < 0,2y, , from (A23) and
2

rearranging yields (A22). Thus, the PPE requirement with respect to R boils down to
satisfying either (A22) or (A26), which gives us the condition in (18).

Part (b): Let us next consider a deviation R’ = R, for which (FICYy), (FIRy), (FICy),
(FIRy), and (U) can be written as

br — l+p+ (@ —pA A=D1 —-p) (Orvy —Onvs
0 - Lo 05050 A27
UH—"UL< g A+1 ()\_1_1) vy — vg, {0rveg—0vr >0} ( )
193 A+1
v A2
v, >0 2 (A28)
ty —tr 2
0 A29
Vg — UL, < H)\—l—l ( )
t 1
i > 5 (0 (L4 p+ (1= p)N) +p(A — 1)f) (A30)
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tH—tL 1—p()\—1)
<0y )
Vg — VL 1—|—p()\—1)

(A31)

Note first that (A27) contradicts (IC7) in (A5) since the RHS of (A27) is smaller than =~ B( SR
It is straightforward to check that (A28) and (A30) contradict (IRy) in (A4), so they can
be ignored. Thus, the PPE requirement with respect to R” boils down to satisfying either
(A29) or (A31), which gives us the condition in (19).

The statement that (IC}) are (ICy) are implied by (18) and (19) can be established if
we show that for any p € (0,1) and A > 1,

1
a(p,A) = > B(p; A). A32
0N = g = AN (A2
To do so, observe first that 2 > B(; 5= ii’f (11)) f})”\ > 5% Given this, (A32) will be shown

e\ 1+(A=p)(A=1) 14+p+(1 A+2 1—-p(A—1) 14p+(1
if () Treon 2 Ta p)pr s and () T5—D < o p)fm

To prove this, observe that if p > 2+2 then

when p >

when p < A+3

1+ (1-pA-1) 1+p+(1-pAr A=D1\ +2—pA+1)) -
1—(1-=p(A—=1) 14+(0—p+pr (A-(1-pA-1))A+0—-p)+pr)
and also that
l+p+(A—pA 1-pA—-1) A=D1 (1+p+pA) -0
I+(1=p)+pA 1+pA—=1) 1+ (1—=p)+pN(1+pA-1)) ’
as desired. O

Proof of Proposition 5

Part (a): We prove the if part in the proof of Theorem 2 by constructing a screening PPE
menu that is optimal among all PPE menus under the given condition. Here we only prove
the only if part. To do so, note that we can combine (18) and (19) in Lemma 3 to write the

following necessary condition for any screening menu R to be a PPE:

tgp—1
Ora(p.)) < =—= < 0yB(p,\) (A33)
Vg — UL
with the first inequality being strict if p < i—ig and the second inequality being strict if

P> 13 +3 This condition can hold only if the RHS of (A33) is greater than the LHS, that is,
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z—f > a&; ;; =:v(p, ). The following claim establishes several properties of .
Claim 3. v is a continuous function that satisfies the following properties:

(i) v(p,-) is strictly increasing;

(i) v(p,1) =1 and limy . v(p, \) = 00; and

(iii) (-, A) is strictly increasing if p < /\+3, constant if p € [/\+r2, i—ig], and strictly decreasing
ifp> 55

Proof. Clearly, 7 is continuous. It is also clear that «a(p,-) is strictly increasing and (5(p, )
is strictly decreasing; thus, v(p,-) is strictly increasing, proving (i). To prove (ii), note
that a(p,1) = B(p,1) = 1 so v(p,1) = 1. Also, for sufficiently large X, a(p,\) = 2L and

2
B(p,A) = 537, 80 im0 7(p, ) = limy o % = oo. Part (iii) follows from combining

that v(p, \) = gg:\\; and the fact that a(-, \) is strictly decreasing if p > ;\—ig and constant

otherwise while 5(-, A) is strictly decreasing if p < /\—+3 and constant otherwise. O

Properties (i) and (ii) along with the continuity of v imply that there exists Ag > 1 such
that Z—’L{ > 7(p, A) if and only if A < Ag.

Next observe that by (iii), we have max,c1v(p,A) = ()‘21)2 = v(p,A) for any p €

[2=, 22]. Letting A = 2 z—’L{ — 1, we solve &2 — Z—’Lf to obtain A = A. Thus, letting

1
%, we have \g = A\ for p € [p,p]. The fact that v(-,A) is increasing

P =55 and p =

in p if p € (0,+%:) and v is increasing in A\, means that Ag is decreasing in p and greater

7 A+3

than A for p € (0 Similarly, Ag is decreasing in p and greater than ) in the range

1
' x73)-
(%—ﬁ, 1). Also, the monotonicity of A\g implies that Ag is maximized at p = 0 or 1. Since
v(0,A) = v(1,A) = 2, solving 2H = GH yields A = 29H — 1. Thus, if we let X = 29H -1,

then g < A for all p € (0,1).

Part (b): Consider any reverse-screening menu satisfying gvy > 0rvp. (We will later
discuss reverse-screening menu with fyvy < 0pvp.) To facilitate the reference, we rewrite
here (ICy) and (IC) constraints in (A10) and (A1l) as

20 t; —t A+ 1)0
1 < hztn o Q¥ D (A34)
L+p+(1—pA=~v, —vg~=~1+p+(1—p)A
(ICH) (ICL)
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Let us first consider a deviation R’ = RY = {b,}. The conditions (FICy), (FIRy), (FICy),
(FIRy), and (U) are given as

t _
Lotn g AT (A35)
VU, — Vg 2

tr A+1
trp, —t —
L H - (9H1 +p+ (1 p))\ (A37)
VU, — Vg

t 1

o = 3 0n (L4 p+ (1=p)X) +p(A = 10, (A38)
t; —tyg | =0 ifpA—-1)<1 (A30)

ULTUH | <y ifp(A—1)>1,

respectively. In addition, (U) always holds if p(A — 1) = 1. Note first that (A35) contra-
dicts (ICL) in (A34). We can also ignore (A38) because it implies (A36). However, (A36)
contradicts (IRy) in (A13) since (1 +p+ (1 —p)A\)tr — (1 —p)(A — 1)ty > 2t,. Thus, the
reverse-screening menu R must satisfy either (A37) or (A39). Since w > 1, (A37)
implies (A39) in case p(A — 1) < 1, which means that (A39) must hold if p(A — 1) < 1. If
p(A —1) > 1, then either (A37) or (A39) must hold.

Consider next a deviation R' = RH = {bg}. Then, the conditions (FICy), (FIRy),
(FICy), (FIRy), and (U) are given as

tp, —ty I+p+(1—=p)A
0 A40
v — Uy <UL A+1 ( )
3723 A+1
— >4 A41
o~ (A41)
tr, —ty 2
Oy —— A42
UV, — Vg = H)\—i—l ( )
t 1
ﬁ > 5 [0r (L +p+ (1 =p)A) +p(A —1)6;] (A43)
trp —ty
<@ A44
oln g, (A4

respectively. First, each of (A40) and (A42) implies (A44) since the right-hand sides of the
former inequalities are both smaller than the RHS of the latter. So, (A40) and (A42) can
be ignored. Similarly, (A43) implies (A41) and can thus be ignored. In sum, either (A41) or
(A44) must hold for the buyer not to deviate to R.
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Claim 4. If either p(A—1) < 1 orp(A—1) > 1 and p > w,f—iey then (A41) cannot be

satisfied by any reverse-screening PPE menu.

Proof. Suppose that under the assumed conditions, there is a reverse-screening PPE menu

that satisfies (A41). We first obverse that (A10) and (A41) together imply

tr QQH

> ) A45
vy 14+p+(1—pA ( )

To see it, rewrite (A10) and (A41) as

20y
tr, —tg > —
s (1+p+(1—p)k> v ~vm)

A+1
tg > HL (%) VH-

Sum up the two inequalities side by side to obtain

. 204 : +<9 A+1 204 _)U y 204 .
Pl p+(a-—p " L7 1+p+(1—p)A T s p+a=—pr "

where the second inequality holds since QL% >0y > Hpi?ﬁ.
Let us consider the PPE requirement with respect to R? := {0}, which requires to satisfy
at least one of the conditions, (FICy), (FIRy), (FICy), (FIRy), and (U), written as

follows:

e e (A46)
Z_f; <Oy i : (A47)
z—i < QH)\LH (A48)
Z—i < QH%H (A49)
UR)>U(R") =0 (A50)

First, (A46) and (A47) can be ignored since they are implied by (A48) and (A49). Given that

,\%1 < m and QH%H <0< GL%, (A48) contradicts (A45) while (A49) contradicts

(A41). Therefore, (A50) must hold. We prove below that (A50) cannot hold if either (i)

p(A=1) < Tor (i) pA—1) > 1and p > 5%
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Case (i): In this case, the first inequality of (A39) must hold (since it is implied by (A37)
as mentioned above). Define R’ = {(qr, 1), (qu,t}y)} to be a reverse-screening menu with
the same quantities as R, where t};, = GL%UH and . =t + 0y(v, —vg) = QL%UH +
Oy (vy — vy). Note that due to (A4l) and the first inequality of (A39), we have t; < tg,

t, <tp,and t), —ty <tp—tg. Clearly, this implies that U(R') > U(R). We now obtain
U(RI> = UH[HH — GL%] + ULp(GH — QL)[p()\ — 1) — )\]

Since 0y < %9 r and p(A — 1) < 1, the expressions in both square brackets are negative, so
U(R) < U(R') <0, which contradicts (A50).

Case (i1): Define R” = {(qr,t}), (qu,t%;)} to be a reverse-screening menu with the same
qualities as R, where t7, = QL%UH and t] =t + Hpi?ﬁ(m —vg) = OL%UH +
Hﬁzﬁ(vL — vy). It can be verified that due to (A10) and (A41), we have t}, < tg,
t7 <tr,and t] —t7, <t, —ty. Clearly, this implies that U(R") > U(R). We now show that
U(R") < 0so (A50) cannot be satisfied. First, it can be shown that U(R") is decreasing as A
increases.”” It thus suffices to show that U(R") < 0 for the lowest A, which is equal to 14

given the assumption that p(A — 1) > 1. Setting A = 1 + %, we obtain after rearrangement

—QLUL -+ 2p2(29H — HL)(’UH — UL) +p9L(—3UH + QUL)

U(R") = : (A51)
2p(1 +p)
Let h(p) denote the numerator of this expression as a function of p. To show that h(p) < 0 for
any p > 295—ﬁ9L, observe that h is a quadratic function maximized at p = 2955 i (igijgg ) <
wlf—iey where the inequality holds since % < 1. Thus, for any p > 295—5&, h(p) <
0 20,6
h(29HL_9L) = g < 0. ]

When p(A — 1) < 1, the above argument and Claim 4 imply that (A44) must hold. But
(A39) and (A44) contradict each other, which means there does not exist a reverse-screening

PPE menu if p(A — 1) < 1. Thus, the existence of reverse-screening PPE menu requires

25This can be seen from observing that in the case 8gvy > 0rvr, we have

OU(R") _ Orvm 2p(1 —p)0u (vr —vm)

< 0.

—p(1—p)(O@avg —OLvr) —

oA 2 (I+p+A—ph)?

We note that U(R") is also decreasing in the case Ogvy < 0rvr, since, in that case,

OU(R" 0 2(1 — p)pb -
()Z—HW—MPMWWerm—( PP 0r — VL)

X 2 (I+p+A—p\)y2
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p(A—l)Zlor/\Zl—l—%. Define:

- 205 — (1+ p)f 1 1+ if p < g5
)\R::max{ H(l ( ;_ep)L,le—}: y 121 y 20m—01
— —(1+ : 0

PoL P }épp)ei = itp > gt
Given this, if p < 5525, then A > AR is necessary for the existence of reverse-screening PPE
menu. Consider now the case where p(A — 1) > 1 and p > 5525~ In this case, according to
Claim 4, we must satisfy (A44), which contradicts with (I C’H) in (A34) if HL < Hpié('—fm.

o 0 )0

Thus, it is necessary to have 6, > prjﬁ or A > 2?1(# = \p forp > > 555 Insum,

A\ > g is necessary for the existence of reverse-screening PPE menu. It is Stralghtforward
to verify that A\g < \ = 299—LH—1 < 299—LH < \g.

Recall that we have so far focused on a reverse-screening menu satistying 0yvg > 0pvr.
The necessity proof is then completed by the result in the following lemma that the necessary

condition does not get relaxed by considering a reverse-screening menu with 0yvy < 6pvr.
Lemma 4. There exists a reverse-screening PPE menu with Ogvyg < Opvr, only if A > Ag.

Proof. Fix any reverse-screening menu R with 0,v;, > 0gvy. We prove that (i) the inequali-
ties (AG) and (A7) corresponding to (ICy) and (ICp) imply their counterparts in (A34) for
a reverse-screening menu satisfying Oyvy > 0pvp; (ii) for each menu R’ = RH RE or RQ, the
inequalities corresponding to (FIC), (FIR), and (U) conditions imply their counterparts
for reverse-screening menu with 0gvy > Opv,. Given (i) and (ii), the proof of Part (b) in
Proposition 5 can be repeated to show that A > Ay is also necessary for the existence of
reverse-screening PPE menu satistying 0gvyg < 0pvr.

To show (i), consider any reverse-screening menu satisfying 0 v > 0yvgy and write (A6)
and (A7) as

29[{ n p(/\ — 1)(‘9LUL — QHUH)
1+p+(1—=pA  (A+p+(1—p)A)(vp —vy)
< tL—tH < ()\+1)9L B (1—]))()\—1)(9LUL—9H’UH)

“wvp—vg  1+p+(A—-pX (A+p+{1A—pN(vp—vy)’

which clearly implies (A34), given that O,v;, > Ogvg.
To show (ii), consider first the reference point R* = {b;}. It is straightforward to see
that the conditions (FICL), (FIRL), and (FIRy) are the same ss (FICL), (FIRy), and
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(FIRy) in (A35), (A36), and (A38), respectively. The condition (FICpy) is given as

tr, —ty > [1 +p+ )\(1 —p)] 9H i p()\ — 1)(9LUL — QH’UH)
Vr, — VH 2 Q(UL _UH)

which implies (FICy) in (A37). Condition (U) is given as
1—pA=1D](tr —tyg) > [1—p\—1)]0u(vy —vg) + 2p(N = 1) (0o, — Ogvy), (A52)
while (U7) in (A39) can be re-written as
[1=pA=D](tr —ty) = [1 = p(A = 1)] 0y (v, — vp). (A53)

It is clear that neither condition holds when 1 —p(A —1) < 0 while (A53) always holds when
1 —p(A —1) = 1. Subtracting the RHS of (A53) from the RHS of (A52) yields

2p()\ — 1)(0LUL — QHUH) > 0.

Thus, (A52) implies (A53) when 1 — p(A —1) > 0.

Next let us consider R = {by}. It is straightforward to see that (FIRp), (FICy),
and (FIRy) are the same as (FIRy), (FICy), and (FIRg) in (A41), (A42), and (A43),
respectively. (FICT) is given as

tL—tH 1—|—p+)\(1—p) ()\—1)(1—]7) (HLUL—HHUH)
<0L —
Vr, — Vg 1—{—)\ (1—|—)\)(UL—’UH)

Y

which implies (FICp) in (A40), given that 6 v, — Ogvy > 0. Condition (U) is given as

tL—tH . 2(1_p>(/\_1)(‘9LUL_8H'UH)
r——— 1+ @ =p)(A=1))(vr —vn)’

which implies (U) in (A44).
Consider R = R?. (FIC) and (FIR) are the same as their counterparts in the case
Opgvy > Opvp, which are given in (A46) through (A49). (U) is written as

p(@LvL — tL) + (1 —p)(QHUH - tH) —p(]_ —p)()\ - ].)(QLUL - HHUH + tH - tL) Z 0
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while its counterpart in the case Ogvyg > Orvy, is

p(HL'UL — tL) + (1 —p)(@HUH — tH) —p(l —p)()\ — 1)(9}]1}]{ — QLUL + tH — tL) Z 0.
The latter inequality is implied by the former, given that 0 yvy — 0,vr < 0. [

Part (c): Given R = {b = (¢, t)} with ¢,¢t > 0, the (IRy) constraint is ¢ < 6,2 v(q).
Note that this is the only constraint needed for R to be a PE. Given R, there are three
possible deviations: R = {0,0}, {0,b}, and {b,0}. First, it is straightforward to verify
that R always satisfies the PPE requirement with respect to R’ = {b,0}.?% Next, (FICy)

conditions for deviations R’ = {),()} and {0, b} are given respectively as

l+p+(1—p)A

t 0
L<br 1+ (1—p)+pA

v(gq) and t, <6

v(q).

1+ A

1+p+(1— p),\}
14+(1—p)+pA

then R = {(q,t)} is a pooling PPE menu. The profit from this menu is 6,k'v(q) — ¢q, which

Thus, for any ¢ > 0, if we set t = 0,k'v(q) for some positive constant &’ < min{ 1—2M’

is positive for a sufficiently small ¢, due to the assumption that lim, ,ov'(¢) = oo.

Proof of Theorem 2

We only need to prove part (b). The proof consists of two lemmas. In the first lemma, we

consider a relaxed problem by weakening the PPE requirement as follows:

t; — 1—p)(ty — P
R0 p(te —cqr) + (1 = p)(tu — cqu) [F']

subject to the constraints that R is a PE menu and also satisfies the PPE requirement with
respect to RY = {b.}, R = {by}, and R = {(), by}

Lemma 5. If A < \g, then the optimal menu that solves [P'| must be a screening menu.

Proof. Recall from Lemma 3 that the necessary and sufficient condition for any screening
menu R to satisfy the PPE requirement with respect to RY and R is given by (A33). Then,
by Lemma 3, the (IC') constraints in (A5) are implied by (A33) and can thus be ignored.

Z6More precisely, it is true that R’ = {b, 0} must satisfy at least one of (FICy) and (FICL) conditions,
that is u(0|0g, R') < u(b|fp, R') and u(b|0r, R') < u(0|0m, R').
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Let us now turn to the PPE requirement with respect to R%, for which the conditions,

(FICL), (FIRL), (FICy), (FIRy), and (U), are given as

tr 91+p+(1—p))\_ 01

o S TR AP ten BN Aoy

Z_i = B(ff,m (A55)

T Fo (450

Z—f; > Bgf 5 (A57)
[1—=1=p)A=DJty <[1+(1—p)(A—=1)]0rvr. (A58)

First, (A56) contradicts (ICy) in (A5). Second, (Ab4) implies (A58) and can thus be
ignored. To see this, we can focus on the case [1 — (1 — p)(A — 1)] > 0, so (A58) can be
rewritten as i_i <46 % which is then implied by (A54) since ig:i;g’;jg > B(;/\)
(as shown in the proof of Lemma 3). Next, (A57) cannot hold. To see it, sum up (A57) and

(IRy) constraint, re-written as —t;, > —0, ’\HUL, side by side to obtain

A1
—0p———vp.

t tr, >0 !
SR TP i 2

This inequality contradicts the second inequality of (A33) since the RHS of the former is
greater than that of the latter:

Oy oy QLAJF 1
B(p, \)

> 0 (g — 00 ) o= (02— 0w )

On A+1
‘(mn»‘“ 2)>Q

where the first inequality holds since m > B(p,A\) (by Lemma 3) and vy > vg. To see

v — 0 B(p, A)(ve —vr)
A+1

— 9uB(p, A)) v

why the second (strict) inequality holds, consider first the case p < :\\—ig so a(p,\) = %
Then, we have 575 — 0y, ’\“ > 0P (p, A\) —0ra(p, )\) > 0, where the second inequality holds
since A < Ag. Con51der next the case p > :\\ig . Note that 5o > lifp > —. Thus,
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B(p}\ — QL)‘“ > Oy QLHI > 0 since A < A\g < \ = 2 — 1 implies 0y > ‘9L>\+1-

In sum, either (A55) or (A58) must be satisfied. We show that any PPE menu satisfying

(A55) is suboptimal for [P’]. For any such menu R with transfers £, and £z, we must have

0r,
B(p, \)

tp <ty —0ra(p,\)(ve —vr) <

By, )\)’UH —Ora(p, \)(vg —vp), (A60)

where the first inequality of (A60) is due to (A33). But, a higher profit is achieved by

another menu R with the same quantities as in R but different transfers:

tL = HLa(p, )\)UL (Aﬁl)

tg =tr +0uB(p, \)(vy —vr) = Opa(p, Nvr + 0uB(p, \)(ve — vr) (A62)

Note that R satisfies (A33). Also, R satisfies (IRy) and (A58) since they can be writ-
ten together as t;, < Opa(p, A\)vp. Thus, R is a PE screening menu that satisfies the PPE
requirement with respect to RY, R¥ and R . Now, using (A59) through (A62), we obtain

tg — I?H > (9[{5(}?, )\) — 9La(p, )\))UL + (91{6(]?, )\) — vg >0 (A63)

)

tr, — EL > QL (a(p, )\) — Vg > 0, (A64)

)

where the last inequalities in (A63) and (A64) hold since Ox5(p, \) > Ora(p, A) > #L/\).
Thus, we can focus on (A58) to find the optimal menu for [F'].
Summing up, [FP’] can be solved with (A33), (A58), and (IRy). Note that the latter two

constraints can be written together as
tL S t9LOé<p, )\)UL. (A65)

Then, the standard argument can be used to establish that (A65) and the second inequality
of (A33) must hold as equality at the optimal menu that solves [F'],” implying that the
transfers satisfy (A61) and (A62). Plugging them into the profit and taking the FOCs with

2T Note that the second inequality of (A33) is strict for p > /A\ig Thus, the optimal menu fails to exist
for the reason mentioned in footnote 13. We avoid the non-existence problem by allowing for the strict

inequality to hold as equality.
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respect to ¢z, and gg yield (20) and (21). For a screening menu to be a solution of [FP'], we
need the two qualities that solve (20) and (21) to satisfy g, < qm. This requires the LHS of
(20) to be smaller than that of (21), which yields 05 3(p, A) > 0,a(p, ) after rearrangement.

This condition is equivalent to requiring A < \g. O
We next show that the optimal menu in Lemma 5 satisfies all other PPE requirements.

Lemma 6. If A < \g, then the optimal menu R that solves | P'] satisfies the PPE requirement
with respect to all menus in C(R) other than R*, R, and R

Proof. (i) R = R" = {0, 0} : We consider two cases, p > 115 or p < /\—+3 In the former case,

R and R? with transfers as in (A61) and (A62) satlsfy (FICH), u(005, R?) < u(by |0y, RY),

written as t;, < GH/\LHUL = 0uB(p, Ny, for p > /\+ To see this, given (A61), this inequality

3
becomes 0a(p, )\)vL < 0uB(p, \)vr, which holds since A < \g.
/\+3, we show that R and R satisfy (U), U(R) > U(()) = 0. Write first the ex

ante utility from R as

When p <

U(R) = p(0rvr, —tr) + (1 = p)(0gve —ty) —p(1 —p)(A = 1)(0gve — Opvr +ty —t1). (AG6)

Note that with p < (A61) and (A62) become

/\+3 ’

A+1 A+1 1—pA—1
i v, and tg =0 + v, + 0y p( )<UH—UL).

tp =0 S AR
L="r 2 1+pA—1

Plug these into (A66) to express (U) as

U(R) = %UL (2(1 —p)0u[1—pA—=1)] = OL[1+2p* (=1 +X) + A — 2p)\]> > 0.
With p < >\+3 < 5,

A 0,1+
that Opa(p, \) = 9,;”1 }ﬂI;EA—BQH = 0yB(p, \) means Oy > %. Thus,

the expression in the first square bracket is positive and also the fact

U(R) > %UL (2(1 —p) (%) [1—pA=1)] —0,[1+2p°(=1+X) + X — sz])

1
= §p0LvL(/\ —1DE2+A—pB+A) >0,

A2
)\+3 < A+3°

(ii) R = R = {(,b;}: Consider the condition (FICy), u(bg|0, R) > u(by|0g, R),

where the last inequality follows from p <
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which can be written as

2

tg — 11
<40 . A67
Vg — Ug, H)\ +1 ( )
Ifp> /\+r3, then this condition is satisfied by ¢;, and ty as in (A61) and (A62) since ﬁ =
0uB(p,\) = GH/\LH for p > /\%3.28 Suppose from now that p < /\%3 We show that (U), that

is, U(R) > U(R"), is satisfied. To do so, we obtain after simplification of terms

U(R) — U(R") = %(e)H [1-2p2+p(A—1) = V] (A+ 1)

+9L[—A—1+p(2+p(—1+A)2—<—3+A)A)}>.

First, we define the expression in the first square bracket as h(p) := 1—2p(2+p(A—1)—=\)
and show that h(p) > 0 for p € [0, 135].
suffices to show that both h(0) and h(yLz) are positive: h(0) = 1 > 0 and h(+%) =

AT3 33
—3)‘((;:/\2)){ L' > 0. Given that h is positive for p € [0

Since h is a concave, quadratic function of p, it

1
) Ya3)s We have

U(R) — U(R"™) > %L (eLp —2p(2+p(A—1) = N)](A+ 1)
+6L[—A—1+p(2+p(—1+)\)2—(—3+/\)A)})

=poA—1)(A+2—-p(A+3)) >0

. 1 .
if p < 545, as desired.

(iii) R = RHY = {by, by} This menu corresponds to a reverse-screening menu where the
high (low) type chooses a bundle with low (high) quality. By Lemma 2, this menu can only
be a PE if 0y < HL%, which contradicts with the assumption that A < Ag < A = 22—5 — 1.

(iv) R = R" = {by,0}: Write (FICL) and (FICy)—that is, u(by|0r, R7?) <
u(P|0r, R and w(0|0g, R7) > u(by|0, R7?)—as

t 1 1-— 2 -1
g tA=p)+pA otw 200+ p(A—1)0,
vy l+p+(1—p)A vg  l4+p+(1—pA

I

28To be precise, the transfers t;, and tz in (A61) and (A62) result from binding the second inequality of
(A33) to avoid the non-existence problem (as mentioned in Remark 13). In fact, for p > y15, that inequality
is strict and corresponds to (A29), which is the same as (A67).
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respectively. One of these two inequalities must hold since

ZQH —|—p(/\—1)«9L 1—|—(1—p)+p/\ . 2(‘9H_0L)

_ > 0.
T+p+(1—pA  “l+p+(1Q—pr  T+p+(1—p

(v) R = R™ = {by, )} The analysis of this case is analogous to the case (iv) above and
thus omitted. O
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